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Abstract 
In our thesis, we consider the problem facing a risk-averse agent who owns a 
traded asset and a non-traded asset simultaneously. The agent wishes to know 
how to price and hedge the claims on the non-traded asset. Under the assump- 
tion that agents always maximize their expected utility of terminal wealth, 
utility indifference pricing has been adopted for this problem. 
Our contributions are presented as a series of Thesis Results when ad- 
dressed in the thesis. In Chapter 2, we discover that the restriction on the 
utility function for Zariphoupoulou's analytical solution of the non-traded as- 
set problem is the requirement that the utility function belongs to one of two 
classes of generalized utility functions. When an analytical formula is not avail- 
able, we require a more efficient numerical technique. 
In Chapter 3, we present two new finite difference approximation algorithms, 
one linear and one nonlinear. The convergence proof of the linear algorithm 
is established. The proof of the nonlinear algorithm is supported by a local 
convergence test and a numerical comparison with the analytical solution. 
In Chapters 4 and 5, we show that the principle of utility indifference pric- 
ing can be transformed into sound and practical solutions of two new financial 
economics problems. In Chapter 4, we focus on a treasury interest risk manage- 
ment problem. We arrive at a useful financial recommendation for a strategic 
fixed-floating interest rate mixture decision. 
In Chapter 5, we create a new financial agricultural derivative product. 
We use the sugar market as an example and apply the utility indifference pric- 
ing method to pricing and hedging this agriculture contingent claim. Since 
a geometric Brownian motion for the underlying asset process assumption is 
inconsistent with the statistical behavior of the sugar market, we develop a 
fourth-moment approximate utility indifference pricing model by using a statis- 
tics series expansion method. 
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CHAPTERI 
I Introduction 
The pricing of financial contingent claims problem has been and continues to 
be a popular subject of research activity in financial economics in general and 
quantitative finance in particular. A wide range of theory has been developed 
since the Black-Scholes (1973) framework was established. It has become the 
modern theory of contingent claim valuation. However, when we consider the 
more realistic world beyond the frictionless complete market assumption, we 
notice various sources of market incompleteness, such as transaction costs, 
trading constraints and stochastic volatility. A list of unresolved questions 
merits further study by economists. 
In this thesis we consider the problem facing a risk-averse agent who owns 
a traded asset and a non-traded asset simultaneously. The returns on the 
assets are correlated. The agent wishes to know how to price and hedge the 
contingent claim on the non-traded asset. This is a typical incomplete market 
problem. The market is incomplete due to the non-traded asset. We are 
primarily interested in the utility indifference price of a European type option. 
Written on the non-traded asset, the price of an option depends crucially on 
the agent's attitude toward risk. The right way to go about the analysis is to 
fix the agent's preference at the outset and then work out the optimal hedging 
strategy and the price of the option. In this way, we can capture the risk 
embedded in the option written on the non-traded asset. We call this baszs 
risk. 
This logic is theoretically described by the utility indifference pricing method. 
Hodges and Neuberger (1989) firstly adopt this concept in the context of an 
incomplete financial market. This concept follows from an intuitive assumption. 
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That is, the contingent claim is priced so that the agent's utility remains the 
same whether the trading portfolio includes the amount of the contingent claim 
or not. A definition by Henderson and Hobson (2007) is as follows: 
"The Mvestor can maximZze expected uttlity of wealth and may be 
able to reduce the risk due to the uncertain payoff through dynamic 
trading. She would be willing to pay a certain amount today for the 
rtght to receZve the claim such that she is no worse off M expected 
utffity terms than she would have been without the claim. " 
The concept of utility indifference pricing has been adapted for some 
market incomplete situations, such as transaction costs, portfolio constraints 
and non-traded assets. In the non-traded asset case, we have seen applica- 
tions on insurance products, credit risk claims, weather and energy derivatives. 
Utility indifference pricing with mean-variance hedging, super-replication and 
relative entropy constitute the primary incomplete market approaches. In the 
non-traded asset model, Hubalek and Schachermayer (2001) take a critical 
look using a super-replication strategy approach. They prove that the super- 
replication price of a call option on the non-traded asset is infinite. Mean- 
variance hedging can be embedded in the utility indifference pricing approach 
for an agent with a quadratic utility (Heath, Platen and Schweizer (2001)). 
Similarly minimal relative entropy is closely related to utility indifference pric- 
ing. It is utility indifference pricing's dual when an agent has an exponential 
utility function. 
We have seen that utility indifference pricing is not a prescriptive approach 
that proposes just one methodology, but rather an open and flexible framework 
that encompasses alternative methodologies to address a wide range of differ- 
ent situations. However in our view the utility indifference pricing method has 
not been given sufficient attention by practitioners, since from both technique 
and application perspectives, there are many outstanding questions. These 
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questions are the key motivations in this research. Within this framework, 
we concentrate on several questions. How to price European type contingent 
claims on the non-traded asset using utility indifference pricing method? How 
to solve this stochastic control problem analytically and numerically? How to 
transform the principal of utility indifference pricing method into sound and 
practical solutions of new financial economics problems? 
One objective of this thesis is to carry out a detailed review of methodology. 
We will point out the reason for a method choice. What limitation does it have? 
How to extend it to further work? Our work is concerned with improving the 
methodology's generality, its simplification, its computational flexibility and 
its feasibility of application. Another objective of this thesis is to bridge the 
gap between pricing and risk management. Since optimal hedging strategy is 
a simultaneous outcome in the utility indifference pricing framework, we will 
utilize this characteristic to make some suggestions for risk management. 
1.1 Research Motivation 
Our research is motivated by several factors: 
The Ineffictency of the No-Arbitrage Argument Valuation 
In a complete (risk neutral) market, option pricing and hedging always 
use the idea of a no-arbitrage argument and martingale methods. To 
have more a realistic model, like the non-traded asset model, we should 
consider an incomplete market (real world) model. If the underlying asset 
is non-traded, which makes the number of sources of randomness greater 
than the number of traded assets, we call it an incomplete market. A 
starting point in solving the non-traded asset model problem is investi- 
gating pricing by using only the assumption of no-arbitrage. However 
Hubalek and Schachermayer (2001) show that this gives no information 
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about the price of the contingent claim, since it usually gives rise to in- 
finitely many martingale measures, each of which produces a no-arbitrage 
price. There have been many attempts to theoretically choose one for 
pricing purposes according to different optimal criteria, some of which 
are related to the utility indifference pricing method. 
Search for Ophmal HedgMg Strategy Challenge 
A desirable methodology for valuation work should include both pricing 
and hedging strategy mechanisms. In a complete market, the Black- 
Scholes framework plays a core role, not only does it contain observable 
variables, but also it has an associated delta-hedging strategy. What is 
the optimal hedging strategy in an incomplete market model? A ma- 
jor approach has been developed to solve the pricing and the hedging 
problems. Utility indifference pricing, can answer these two questions 
simultaneously. 
Further Discussion on Charactertshcs of Utility Indifference Price 
In an incomplete market model, there is unhedgeable risk or basis risk. 
Its utility indifference price is very different from the one in a complete 
market. Utility indifference pricing incorporates some new features into 
the model, such as the risk aversion of the agent and the correlation 
between traded and non-traded assets. We particularly need to develop 
our understanding of these new pricing factors. In addition the optimal 
hedging strategy grows more complicated due to the existence of basis 
risk. We will show these typical features in Chapter 2. 
Further Discussion on Potential Methodology ApplWatton to Industry 
In our view the incomplete market model has not been given sufficient 
attention by practitioners. In this thesis, we would like to leverage on 
the utility indifference pricing method to enhance and explore the most 
effective ways towards sound and practical solutions of new financial eco- 
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nomics problems. 
1.2 Thesis Structure 
The thesis is organized as follows: 
In the remainder of this chapter, we have sections on the research contribution 
of the thesis and a literature review. In the literature review section, we begin 
with the analysis of the pricing of a European- type option on a non-traded as- 
set in the simple one-step model. We emphasize the features of option pricing 
in an incomplete market by a comparison of binominal and quadrinominal tree 
models. We briefly introduce several incomplete market approaches, such as 
mean-variance hedging, super- replication, minimal relative entropy and util- 
ity indifference pricing and focus on their feasibility to resolve the non-traded 
model problem. Their relation to the utility indifference pricing approach will 
be mentioned. 
In Chapter 2, utility functions and the idea of utility indifference pricing are 
addressed rigorously. In this chapter, we are interested in its analytical solu- 
tion. We define the model, describe the model assumptions and the questions 
we want to answer. We derive the explicit formula for the optimal hedging 
strategy and the utility indifference price using dynamic programming. A re- 
striction is discovered when we investigate this approach in detail and recall 
Zariphoupoulou's theorems. We then introduce a decomposed form of the util- 
ity indifference price and develop some important extensions. 
In Chapter 3, we study the numerical solution of utility indifference pricing 
for the non-traded asset model. From Chapter 2, we realize that an analyt- 
ical solution is usually not available. For practical purposes, we develop two 
backward recursion algorithms, one linear and one non-linear. We discretize 
the linear algorithm in an explicit finite difference scheme and the non-linear 
algorithm in a modified Crank-Nicolson finite difference scheme. The proof of 
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convergence are considered at the end of their respective sections. A numer- 
ical comparison between the analytical solution and the numerical solution is 
implemented in an example. 
In Chapter 4, we study a new strategic hedging application, the fixed- 
floating strategy decision in non-financial firms under conditions where the 
firm's operational cash flow is correlated with the interest rate. We show that 
the non-traded asset model framework can be employed to model this decision 
process. In the base case, we consider the static fixed-floating decision using 
mean-variance theory for a simple one-factor one-period model. Furthermore 
we extend the approach to a dynamic model. In the dynamic case, we specify 
a stochastic process to capture the seasonality characteristics of cash flows' be- 
havior. We then introduce a dynamic programming technique to analyze the 
fixed-floating decision. 
In Chapter 5, our research focuses on the design of new agricultural deriva- 
tives using the utility indifference pricing method. We use the sugar market as 
an example and create a new product, a European type option on low hquidffy 
agrWulture futures. Generally, this is a European option written on an exotic 
underlying asset. Since a geometric Brownian motion for the underlying asset 
process is inconsistent with the statistics observed in the agriculture market, 
we introduce supplementary parameters characterizing the skewness and the 
excess kurtosis of the underlying asset return density. Following Jarrow and 
Rudd (1992), Corrado and Su (1996 and 1997) and Rubinstein (1998), we ex- 
tend the utility indifference pricing method and obtain several fourth-moment 
approximation formulas to the utility indifference price. 
1.3 Research Contribution 
Our main research contributions are as follows: 
To compute the utility indifference price of contingent claims, an opti- 
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mal hedging problem must be solved. In Chapter 2, the powerful technique 
of dynamic programming is applied to resolve the stochastic control problem. 
The difficulty is a non-linear and high dimension Hamilton- J acobi-Bellman 
(HJB) equation derived from dynamic programming. We follow Musiela and 
Zariphoupoulou (2004a)'s approach, by using the Hopf-Cole transformation (or 
distortion), a non-linear HJB equation is reduced to a linear one. Based on 
the Feynman-Kac formula, it is easy to find the analytical solution for the 
value function and the utility indifference price. In the process of implementa- 
tion of Zariphoupoulou's approach, we discover that only two classes of utility 
functions are resolvable analytically. They are the exponential class of utility 
functions and the extended power class of utility functions. The exponential 
class of utility functions has an explicit solution, called Zariphoupoulou's util- 
ity indifference price. For the extended power class of utility functions it is 
hard to write down its price formula. To have more insight into the features of 
the utility indifference pricing method, we need to develop our understanding 
of two new pricing factors, agent risk aversion and correlation. By the intro- 
duction of a decomposed form of the utility indifference price, we find explicit 
formulas for the sensitivity of the utility indifference price to the correlation 
and the risk aversion coefficient. 
In Chapter 3, we make contributions to the numerical implementation of the 
model. For most utility functions, an analytical formula is not available. In this 
chapter, we set up numerical algorithms by applying the theory of general util- 
ity indifference pricing in broad market models. Numerical solution of utility 
indifference pricing for the non-traded asset model can be generalized as an op- 
timal stochastic control problem in option pricing. However several important 
concepts, like certainty equivalent values and indifference prices, are unique to 
the non-traded asset model. We seek to bridge the gap between the theory of 
general utility indifference pricing and the numerical implementation of that 
theory. We discretize one- and two-dimension HJB equations, introduce two 
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new flexible finite difference schemes. (1) The explicit finite difference scheme: 
it is applied to the linear control problem. Using Von-Newmann stability anal- 
ysis, the discretization is stable if it satisfies a certain condition, otherwise, it 
grows unbounded. (2) The Crank-Nicolson finite difference scheme: it is ap- 
plied to the non-linear control problem, and implemented by using a Newton 
iteration to solve the implicit discretized control equations. Its convergence 
proof is shown through numerical examples. In addition it can be observed 
that our non-linear algorithm conducts a quick local convergence. Each local 
convergence is achieved after no more than 3 Newton iterations. 
In spite of the significant impact of the fixed-floating decision for inter- 
est rates on liabilities on overall firm performance, this strategic decision has 
remained largely unexplored. In Chapter 4, we study this hedging strategic 
decision process. We realize that the fixed-floating mixture decision becomes 
more complicated (1) when the firm recognizes the interest rate exposure gen- 
erated by both assets and interest-bearing liabilities; (2) when the firm's op- 
erational revenue is correlated to interest rates. We show that the non-traded 
asset framework can be employed to model this decision process. In this chap- 
ter, we employ earning before interest, taxes, depreciation and amortization 
(EBITDA) as the measure to evaluate business operations results. We identify 
interest rate exposure from, both the liability and the asset. We consider other 
relative factors such as corporate tax and dividend payout issues. Implicit 
and explicit formulas of the optimal mixture decision are obtained in order 
to maximize the managers' mean-variance preference on free cash flows. By a 
numerical study of a hypothetical market condition, we arrive at the useful rec- 
ommendations that the mixture ratio is sensitive to some factors (for example 
the Debt/EBITDA ratio, the corporate tax rate, the correlation between the 
operational revenue and the interest rate) and insensitive to others (for exam- 
ple the risk aversion coefficient, the dividend payout rate). That means that an 
optimal fixed-floating mixture balances the value of the tax shield benefit from 
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debt against the increased risk of financial distress, bankruptcy and interest 
costs. Knowledge of the managers' risk appetite and the dividend payout rate 
play less important roles in such decision. 
Most agriculture business firms seek to protect and limit their exposures 
to agriculture market risk by using financial instruments. However there is 
an obvious difficulty in pricing and hedging these products. The majority of 
the agricultural underlying assets are currently not very liquid or entirely non- 
traded. Viewed from a practical perspective, agricultural derivatives should 
be an important application of the non-traded asset model. In Chapter 5, 
we create a new product, a European type option on low hqutdity agricultural 
futures and use the sugar market as an example to explain how to include agri- 
cultural derivatives pricing and hedging into the non-traded asset model. We 
find that the log-return of sugar futures prices are leptokurtic. A derivative 
contract written on this underlying asset can not be modeled using geometric 
Brownian motion assumptions. We use a statistical series expansion technique, 
such as the Edgeworth series or the Gram-Charlier series, and obtain several 
fourth-moment approximate formulas to the utility indifference price. 
1.4 Literature Review -Methodology 
In this literature review, we concentrate on the problems of pricing contingent 
claims in an incomplete market, especially for the contingent claim written 
on the non-traded asset. We address two examples using a discontinuous tree 
model to explain the pricing and hedging features of a European call option. 
We then introduce the variety of approaches that have been presented in the 
incomplete market world by other scholars. 
We begin with the analysis of a European-type contingent claim pricing 
in the simplest possible one-step model. The conclusions from a comparison 
between binomial tree model and quadrinomial tree model include two facts. 
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First, in a frictionless complete market such as the binomial tree model of Cox, 
Ross and Rubinstein (1979), contingent claims are derived by constructing a 
portfolio that include the underlying asset and the riskfree asset. The pricing is 
the concept of replication. Its model price is determined by costs from a trad- 
ing strategy which creates the same payoff as contingent claims. However in an 
incomplete market with friction, the perfect replication argument of complete 
market is not achievable. Second, since the seminal papers Harrison and Kreps 
(1979) and Harrison and Pliska (1983), we know that the contingent claims 
price is the discounted expectation of its terminal payoffs under a particular 
probability measure. Such a probability measure is called a risk neutral prob- 
ability measure or an equivalent martingale measure, since it yields discounted 
underlying asset prices that are martingales. In a complete market, the set of 
risk neutral probability measure is a singleton, which gives us a correspond- 
ing one-to-one contingent claims price. However in an incomplete market, the 
quantity of risk neutral probability measures becomes infinite, which leads to 
a trivially wide contingent claims price interval. 
Example 1. 
Under Cox, Ross, and Rubinstein (1979) one-step setting, we assume the un- 
derlying asset price follows a binomial tree process with constant u and d. The 
underlying asset price So at time to becomes S, = fSWI, SW21 =f Sou, Sodj 
at time tj. There is also a riskless asset B bearing a constant return r and 
assuming that d<r<u. To price contingent claims C, it is not necessary to 
specify the real probability of each scenario, the only requirement 
is that they 
are strictly positive. Loosely speaking, in a complete market 
(or risk neutral) 
world, there exists a trading portfolio 
(0,0), the dollar value of S and B held 
from time to to tj. The trading portfolio is able to perfectly hedge the contin- 
gent claim payoff C1 by holding 
(S, B). We find 0= (Cu _ Cd) I (So (U - d)) 11 
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(UCd and 0=1- dC, ')/(rB(u - d)) by solving, 
Cl' = OSou + OrB 
Cd = I OSod + OrB 
It admits a risk-neutral probability (called equivalent martingale measure 
in incomplete market) is q= (r - d)/(u - d), which makes the discounted 
underlying asset SIB a martingale with respect to measure q. 
qSou + (I - q)Sod = rSo 
This risk neutral probability q is unique. Both perfect hedging and risk 
neutral probability concepts are equivalently used for pricing option C written 
on the underlying asset S. At time tj, the payoff of contingent claims is C1 
f CW1 CIJ321 =f Cy, Cdj I, I11. Then the model price of this contingent claim at time 
to should be, 
Co = (OSo + OB) (3) 
Co 
1 
ýqC, ' + (1 - q)Cldl r 
where Co = r-'Eq(Cl) with q u 
From this simple example, we can see that in the risk neutral world all 
agents are indifferent to risk. The price does not depend on an agent's attitude 
toward risk. It has the same formula whether the agent is risk averse or has 
a risk preference. In such a world, the fair value of CO can be interpreted as 
the cost from a trading strategy which creates the same payoff as contingent 
claims. Every contingent claim is priced by a risk neutral probability. This 
price is given by the expectation of the discounted contingent claim under q 
measure, which is the unique probability measure under which the discounted 
prices of the underlying asset are martingales. 
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Example 2. 
Similar to the above complete market CRR model, we consider two assets, 
one is a traded risky asset St, t-0,1 the other is a non-traded risky asset 
Yt, t=0,1, also a contingent claim C(t, Yt), t=0,1 written on non-traded 
asset Y. The financial market is given by the traded asset and riskfree asset B. 
We assume Y cannot be traded at all; but it is the underlying for a European 
contingent claim C. We will use a quadrinomial tree to capture the behavior of 
these two assets and their correlation p. Our goal is to show, when p :ý1, per- 
fect hedging is not achievable anymore; and the set of risk neutral probability 
measures is not a singleton, if we only can trade riskfree asset B and traded 
asset S. 
f Suyu, Suyd Sdyu Sdyd On the event space Q=f7, Ul OW2, W3 ý'W41 =II11,1 1111 
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after one step, both S, and Yj are going up measured by u and going down 
measured by d. Since the underlying asset of contingent claims is non-traded, 
if perfect hedging of the contingent claims is possible, there must exist an in- 
termediate hedge ratio h: Yi)S. It makes S be a substitution of Y. Like a 
self-financing strategy (0,0), h is predictable such that, 
AY (5) 
=f Suyu, Sdydl In, o= 1 case, Q= fWlýW41 1111 
AS 
Since the intermediate 
hedge ratio exists (h = L01), perfect hedging is possible; the random variable so 
(SIB, YIB, CIB) is martingale under a risk neutral probability q, which is 
identical to complete market CRR model, as q= (r - d)/(u - d). 
f Suyu, Suyd Sdyu Sdyd In p ý4 1 case, Q Wl, W2, W3, W41 :: -': 1111,11,111. 
When 
Si is going UP, Yi can either go up or down, measured also by u and d; when 
S, is going down, Y1 can go up or down as well. Since predictability constrains 
that h does not participate in price movement, h should solve the following 
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equations simultaneously by definition, 
h -- 
YO 
w- wl and W4 so 
h= Yo(d - 1) W-r-t- W= W2 (6) So(u - 1) 
h Yo(u - 1) W-T-t- W= W3 
So(d - 1) 
Since u :ýd, intermediate hedge ratio h does not exist; a perfect hedging 
strategy is not possible; contingent claims are not attainable; the market is 
incomplete. 
In terms of risk neutral probability measure, let us apply the risk neutral 
valuation argument to a traded asset, 
rSo [q(wl) + q(W2)]SOU + [q(W3) + q(W4)]Sod 
1 q(wl) + q(W2) + q(W3) + q(W4) 
Although, we are interested in the solutions in the interval [0,1], we are able 
to reduce somewhat the range of the solutions. Obviously, this system with 
4 unknowns and 2 equations has an infinite number of solutions. Since the 
set of risk neutral probability measures is not a singleton, the market becomes 
incomplete and a unique fair option price becomes a wide price interval. This 
is the fundamental characteristic of contingent claims pricing in the incomplete 
market. 
So far, the non-traded asset problem is discussed under a simple discrete- 
time quadrinomial tree model. But this simple example does not help us to find 
the pricing engine explicitly. The problem of which method should be selected 
and which is consistent with the complete market model, has been considered 
by several authors. In the following section we discuss several approaches, 
proposed for valuing and hedging in an incomplete market, especially in the 
context of our non-traded asset model setting. 
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1.4.1 Mean-Variance Hedging 
Since perfect hedging is impossible in the non-traded asset model setting, it is 
natural to ask how small the hedging error can be made. One way to quantify 
the hedging error is to consider the variance of this random variable which is to 
be minimized subsequently. FbIlmer and Sondermann (1986) firstly suggested 
minimizing the hedging error in an incomplete market. Duffle and Richardson 
(1991) presented a closed form solution under quadratic utility hedging and 
minimization variance with given mean. Schweizer (1991) presented a more 
general mean-variance hedging solution, which is solved by a Girsanov trans- 
formation to a minimal equivalent martingale measure. 
min VfXT(O) - nCTI 0E8 
(8) 
T 
where XT(O) =x+ f6 OtdSt is a wealth Precess; nCT is n units of contin- 
gent claims written on non-traded asset YT. This problem can be solved using 
dynamic programming. The control variable 0* is a variance-optimal hedging t 
strategy used to hedge the risk corresponding to Yt, which depends on the 
instantaneous value of the underlying asset and the value of the hedging port- 
folio. It is the obvious difference to the Black-Scholes' delta hedging, which 
only depends on the value of the underlying asset. 
Duffie and Richardson (1991) addressed the case of imperfect hedging where 
the returns on a stock are imperfectly correlated with the returns on an asset 
that the agent holds but cannot trade. They compared the dynamic optimal 
hedging policy with the static optimal hedging. Given a mean of wealth, system 
risk was reduced by dynamic hedging. This approach has the big advantage 
that hedging strategies can be obtained explicitly, which is hard to obtain by 
standard dynamic programming. In addition, it can be embedded in the utility 
indifference pricing approach for an agent with a quadratic utility, see Heath, 
Platen and Schweizer (2001). 
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1.4.2 Sup er- Replication 
As an incomplete market model, there is a price interval bound on feasible 
contingent claims prices under the non-traded asset model. If you insist on 
a preference-free price, there is a concept called super- replication. El Karoui 
and Quenez (1995), also Fbllmer (1997 and 1998) obtained the supremum price 
(for the writer) or infimum price (for the buyer) of Co over the all possible risk 
neutral probability Q's, using stochastic control method, 
V= SUP EQ(CT) (9) 
Q(E. A4, 
v= inf EQ (CT) (10) 
QEM, 
where M, is the set of all probability measures Q on F, equivalent to P. The 
selling price is the super- replication price and the buying price is sub-replication 
price of the claim C. An advantage of super-replication is that it is quite an 
intuitive concept: the super-replication price is the smallest price leaving no 
risk to the writer. 
In a non-traded asset model, Hubalek and Schachermayer (2001) take a 
critical look at it based on super- replication strategy approach. They prove that 
the super- replication price of a call option on a non-traded asset Y is infinite. 
They assume both traded and non-traded asset are geometric Brownian motion 
process. A European call option is written on non-traded asset Y, its model 
price is defined by, 
-r(T-t)EQ[(y ct =eT- K)+ I. Ft] 
which admits an equivalent martingale measure QE A4 (S). A4 (S) is the set of 
all probability measures Q on T, equivalent to P under which the discounted 
price price SIB = (Ste-")O_<t of the traded asset S is a martingale. Since this 
M(S) requirement does not imply any restrictions on the non-traded asset 
process under it, they prove that there exists for arbitrary vCRa probability 
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measure Q, when makes 
lim EQ, [(YT - K)+ 1, Ft] =0 *- OC) 
lim EQ, [(YT - K)+ I ýFt] = oc Vý+Oo 
Through constructing a probability measure Q, they show that the agent 
can price a call option with infinitely high or very low price, if just applying no 
arbitrage argument on the risky traded asset and the riskless asset. Obviously 
super- replication is at least an important reference for the maximum price. 
Unfortunately from the practical point of view, its price is too high to use and 
it yields only trivial upper bounds in our non-traded asset model. 
1.4.3 Utility Indifference Pricing 
The theoretical idea of utility indifference pricing has been explained in the 
introduction section. Here we focus on its relative technical problem and main 
reference. To compute the utility indifference price of a claim, two stochastic 
control problems must be solved. The first is the optimal hedging problem. 
The second is the optimal investment problem: when the investor has bought 
or sold the claim. We do not discuss the second American-type problem in our 
thesis. Optimal hedging problems date back to Merton (1969), 
maxE[U(XT(O))] 
0 
(14) 
Given Xt(O) dynamics at time t and a concave utility function' U, the agent 
always tries to maximize the expected utility of terminal wealth over a set of 
trading strategy 0. Merton characterized optimal hedging behavior in terms of 
the value function and used dynamic programming to solve for an investor's 
optimal portfolio in a complete market where asset prices follow Markovian dif- 
fusions. This approach leads to a Hamilton- J acobi-Bellman (HJB) equation, 
1 see Appendix I for a utility function definition 
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which is a complicated PDE for the value function representing the agent's 
maximum utility. In order to determine the value function, it is necessary to 
specify a particular utility. Merton was able to solve such PDE's analytically 
in a number of special cases. We call this approach, the primal approach. Util- 
ity indifference pricing is a development of Merton's work. It takes a further 
assumption: an agent has the same expected utility of her wealth whether she 
holds a contingent claim or not. Since our thesis is based on this approach, a 
more precise theorem will be presented in Chapter 2. 
A list of references include: the first to adopt the indifference pricing idea 
to financial contingent claims pricing area is Hodges and Neuberger (1989). 
They realized that using exponential utility could degenerate the dimensions 
of the problem. Duffie and Richardson (1991) found explicit solutions under 
quadratic utility. Smith and Nau (1995) analyzing a real option problem, firstly 
introduce the binomial tree to price a European option on a non-traded asset 
with exponential utility. In some special cases, when the claim is the unit of 
non-traded asset, Tepla (2000) found a utility indifference price under expo- 
nential utility. Davis (1999) applied the dual approach to the non-traded asset 
problem with exponential utility, which let us find a new view of analyzing 
method. Henderson and Hobson (2002) and Henderson (2002) solved explic- 
itly the exponential case whilst with asset returns being modeled by Brownian 
motion. Musiela and Zariphopoulou (2004) observed that the agent with expo- 
nential utility, the non-linear Hamilton- J acobi-Bellman (HJB) equation could 
be linearised by the Hopf-Cole transformation. The agent with power utility is 
no known solution to HJB equation. Henderson and Hobson (2002) considered 
an expansion method and develop an approximation for the indifference price 
under a power utility. 
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1.4.4 Minimal Relative Entropy 
Relative entropy optimization is another method as a pricing criterion to fix a 
Q measure in an incomplete market. It is closely related to the utility indiffer- 
ence price method: when an agent has an exponential utility, minimal relative 
entropy is the dual of utility indifference pricing 2. Relative entropy provides a 
concept to connect the real probability measure P to the risk-neutral probabil- 
ity measure Q. Given a Radon-Nykodym derivative ýýQ-, satisfying the absolute dP 
continuity condition, Q<P, the relative entropy of Q with respect to P is 
defined by, 
H(Q I P) = EQ [In( 
dQ 
Ep[ 
dQ 
In( 
dQ 
dP dP dP 
A minimal relative entropy is a optimal probability measure Q* that solves 
the optimization problem, 
inf H(Q I P) 
Q 
subject to the constraints, 
(16) 
EQ [ST I Ft] St (17) 
1 
dQ =1 (18) 
The above optimization problem can be solved by Lagrangian method. 
It yields an explicit expression for the minimal relative entropy distribution, 
which gives the option price EQ. (CT) - 
Relative entropy is an important concept in physics. Its important applica- 
tions in the context of financial economics are as follows: 
2 see Appendix 2 for proof 
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Year Authors Summary 
1990 FbIlmer k, Schweizer the minimal martingale measure 
1994 Gerber& Shiu the Esscher transfrom 
2000 Frittelli the minimal entropy martingale measure 
2001 Goll & Riischendorf the minimax and minimal distance mar- 
tingale measure 
2001 Fujiwara & Miyahara the minimal entropy martingale measure 
2002 Bellini & Frittelli the minimax measure 
1.5 Literature Review - Application 
From the model application perspective, the above incomplete market model, 
especially the utility indifference pricing approach, has been applied in the con- 
text of financial economics in the following situations where perfect hedging is 
not possible. 
'Pransaction Cost: The pricing methodology involving transaction costs is 
a classic incomplete market problem. Leland (1985) is the first important work 
dealing with this problem through a periodic rebalancing of the hedging strat- 
egy. Later Bensaid (1992) analyzed hedging problems with transaction costs, 
by considering a super- replication strategy. Hodges and Neuberger (1989) pre- 
sented their alternative approach based on utility maximization, which becomes 
the first area in which utility indifference pricing is used. Under exponential 
utility, they solve numerically for the optimal hedge in a binomial setting. 
Stochastic Volatility: Apart from transaction costs, the underlying asset 
with stochastic volatility is another type of market imperfections. Hull and 
White (1987) and Wiggins (1987) provided a standard way of modeling volatil- 
ity risk as an unhedgable risk. This stock price is a solution of a stochastic 
differential equation (SDE), with the volatility coefficient driven by another dif- 
fusion process. Grasselli and Hurd (2005) proposed a class of reciprocal affine 
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model for stochastic volatility model when the volatility process follows a CIR 
process under utility indifference pricing and hedging framework. 
Non-traded Assets: The non-traded asset model applications starts from 
insurance products such as equity index linked life insurance pricing. Utility 
indifference pricing has a long history in insurance industry. It is well suited for 
pricing in the insurance markets, Young and Zariphopoulou (2002). Another 
important application is corporate products such as employee share options. 
Most of times, an employee share option is treated as an American option be- 
cause of its early termination characteristics, which is out of our research area, 
see Grasselli (2006) for reference. Exotic financial products such as weather 
options, credit default derivatives are the new applications in recent years, see 
Davis (2001) for reference. 
In our thesis, we present two new non-traded asset model applications using 
utility indifference price approach. They are discussed in detail in Chapters 
4 and 5. One application is to treasury interest risk management. We treat 
a firm's operational revenue as a non-traded asset and the interest bearing 
liability as a traded asset in a financial market. We show that for liability 
bearing firms, when their operational revenue in correlated with interest rates 
(in a cycled economics), interest rate products can help their treasury manager 
optimize the risk adjusted operational revenue's. The other application is re- 
garding to pricing agriculture derivative. A new product European type option 
on low hqutdity agricultural futures is created. We use the sugar market as an 
example to demonstrate hedging and pricing a derivative using the non-traded 
asset model framework. A low-liquidity product is a proxy to non-traded asset 
and high-liquidity product is a proxy to traded asset in soft commodity market. 
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1.6 Conclusion 
In this chapter, we address our research interest, which is a non-traded asset 
model problem. It considers the problem facing a risk-averse agent who owns 
traded asset and a non-traded asset simultaneously. The agent wishes to know 
how to price and hedge the claims on the non-traded asset. We show it is 
a typical incomplete market problem, because of the invalid perfect hedging 
and a wide range of no-arbitrage fair values. This incomplete market is due 
to the non-traded asset. Among existed incomplete market models such as 
mean-variance hedging, super-replication, utility indifference pricing and min- 
imal relative entropy, utility indifference pricing method attracts us most. It is 
a very useful method, especially in modeling non-traded asset model problem. 
Comparing to other incomplete market approaches, it has many advantages. 
Henderson and Hobson (2007) made a detailed overview about its advantages 
and disadvantages. They address that the advantages of utility indifference 
pricing include its economic justification and the incorporation of risk aver- 
sion. It leads to a price that is non-linear in the number of units of claim, 
which is in contrast to prices in complete markets. The indifference price re- 
duces to the complete market price, which is a necessary feature of any good 
pricing mechanism. For a power utility function, indifference prices can also 
incorporate wealth dependence. This may be desirable as the price an agent 
is willing to pay could well depend on the current position of his derivative 
book. Utility indifference pricing also gives an explicit valuation of the hedge 
position. The difficulties of utility indifference pricing are that firstly, in order 
to initiate the process it is necessary to determine the agent's utility function, 
a difficult task, and secondly, even when these preferences have been specified 
it is very difficult to solve the optimization problems which arise. 
Among those features of utility indifference pricing, the most important 
features to our research are (1) utility indifference pricing include both pric- 
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ing and hedging strategy mechanisms. When risk cannot be fully hedged, risk 
management always need to be considered. (2) an agent's risk appetite is in- 
corporated as a pricing and hedging factor. It can explain the fact that when 
an agent becomes less tolerant of risk, she is willing to charge more premium 
on the claims. It can also explain that an agent with a different risk aversion 
has a different asset allocation decision. An agent with a higher risk aversion 
will invest less in a risky asset. 
As Henderson and Hobson (2007) mentioned when discussing the difficulties 
of utility indifference pricing, the exponential utility function has many appeal- 
ing properties, such as initial wealth separation, minimal relative entropy as 
its dual problem etc. However financial economists prefer to use power utility. 
Estimates of the parameter of relative risk aversion vary in the range R[4,10]. 
Therefore we need a method, which can integrate several important utility 
functions into one framework. This is one of our research motivation in this 
thesis. We believe that with a more flexible and practical pricing engine, util- 
ity difference pricing will be an open and flexible framework that encompasses 
alternative methodologies to address a wide range of different situations. 
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CHAPTER2 
2 Utility Indifference Price 
We consider the problem facing a risk-averse agent who owns a traded asset 
and a non-traded asset simultaneously. To pricing and hedging the contin- 
gent claims on the non-traded asset, the agent has a motivation to use the 
traded asset to hedge her exposure, because the traded asset is correlated to 
the non-traded asset. Under the assumption that agents always maximize their 
expected utility of the terminal wealth, the utility indifference pricing is given 
by a principal: the agent has indifference expected utility of the terminal wealth 
with and without the extra contingent claims. 
In this chapter, utility functions and the idea of utility indifference pricing 
are addressed rigorously. We concentrate on the primal approach and do not 
rely on its dual. The contributions include: (1) a demonstration that only 
two classes of utility functions' problems are resolvable analytically: the ex- 
ponential utility function and the extended power utility function. (2) by the 
introduction of a decomposed form of the utility indifference price, we find 
the explicit formulas for the sensitivity of the utility indifference price to the 
correlation and the risk aversion coefficient. 
2.1 Introduction 
The pricing financial contingent claims has been and continues to be a popular 
subject of research activity in quantitative finance. A wide-range of theory has 
been developed since Black-Scholes framework established. However when we 
consider the more realistic world beyond the classic complete market assump- 
tion, we notice the source of market incompleteness. A non-traded asset model 
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considers the problem facing a risk-averse agent who owns a traded asset and 
a non-tradýed asset simultaneously. The agent wishes to know how to price 
and hedge the contingent claims written on the non-traded asset. In classic 
Black-Scholes world, we can set up a no-arbitrage portfolio to price any con- 
tingent claim. This portfolio can be traded freely. The portfolio contains the 
underlying asset of the contingent claims and the risk-free asset. 
However, for a non-traded asset model, contingent claims are written on 
the non-traded underlying asset. We can only partially hedge their risk by the 
correlated traded asset available in the market. This is a typical incomplete 
market problem. Written on the non-traded asset, the price of the contingent 
claims contains both hedgeable risk and unhedgeable risk (or basis risk). The 
premium should reflect all of the hedging costs. Intuitively speaking, higher 
return should be required because of unhedgeable risk. When there is unhedge- 
able risk left, it is important to incorporate the agent's attitude toward risk 
and the risk management decision into the pricing process. The right way to 
go about the analysis is to fix the agent's risk appetite at the outset and then 
work out the optimal hedging strategy and the price of the contingent claims. 
In this way, we can capture the risk embedded in the claims written on the 
non-traded asset. 
This logic is theoretically described by the utility indifference pricing. In 
economic terminology, the utility indifference price is the reservation price or 
equivalent price, which reflects the particular risk aversion of the agents. 
In 
modeling non-traded asset problem, utility indifference pricing is not a pre- 
scriptive approach that proposes just one methodology, but rather an open 
and flexible framework that encompasses alternative methodologies to address 
a wide range of difference situations. Utility indifference pricing 
is a develop- 
ment of classic Merton problem. Merton 
(1969) firstly addressed the optimal 
hedging problems. This optimal evaluation can be solved 
by dynamic pro- 
gramming. We call this approach the primal approach. 
Hodg, es and Neuberger 
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(1989) established the cornerstone of the implementation of utility indifference 
pricing by the primal approach in the context of the financial derivative pricing. 
The major works in this subject were introduced in Chapter 1. In this chapter, 
we focus on the research into the analytical solution of the utility indifference 
pricing. Our main references include Duffie (1991), Zariphoupoulou (2001 and 
2004), Hobson and Henderson (2002). Our objective is to investigate in detail 
on the primal approach; point out its restriction and develop some important 
extensions. 
The structure of this chapter is that in Section 1, we define the model, 
describe the model assumptions and the questions we want to answer mathe- 
matically. In Section 2, we derive the formula for the optimal hedging strategy 
by using dynamic programming; we investigate the primal approach in de- 
tail and recall Zariphoupoulou's theorems. We discover the restrictions on its 
utility function assumptions, only two classes of utility functions are resolv- 
able analytically. In Section 3, we introduce a decomposed form of the utility 
indifference price. It allows us to find several explicit approximations of the 
indifference price's elasticity to the pricing factors. 
2.1.1 Model Setting 
Assumption 
We make the following assumptions about the market. 
9 The asset price satisfies Markovian setting. 
o The market has perfect information. 
e An agent can borrow and lend money at r=0 null interest rate. 
9 The asset pays no dividends. 
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* There is a, finite time horizon for investment. 
Our model is set up in a probability space (Q,. F, P) with a finite time 
horizon, 
T oc 
AR valued random process St(w) represents a price of traded risky asset, 
(St), 0 <- t <, T (20) 
AR valued random process Yt(w) represents a price of non-traded risky asset, 
(Yt), 0<t<, T 
They are adapted to the filtration, 
T- (Tt), 0 <, t <, (22) 
and a set of admitted trading strategies, 
E) = f0 = (Ot) 1 -Ft-imeasurablel 
(23) 
where Ot represents the percentage of a risky asset held from t-I to t 
A wealth process is well defined, 
R, w ý-ý X(w) (24) 
on (Q,. F, P) with initial value x>0 generated by a self-financing strategy 
represented by, t 
Xt =X+ 
fo 
OdS,, 0<t<T (25) 
Definition 1. Complete Market 
We say the market is complete if and only if a unque equtvalent marttngale 
measure Qc Me and Me 7ý 
0-SsaQ martingalel (26) 
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makes, 
T 
EQ (fn 0,, dS,, IFt) 0,, dS,, when t<T (27) 
where Q Zs a risk neutral probability or Q measure; P is a real world probabffity 
or P measure. When Me is not a singleton, the market becomes incomplete. 
Definition 2. Underlying Assets Assumptions 
FollowMg the normal framework, f Wt', Wt2j, 0<t<, T are standard Brown- 
tan motZons defined on the above probability space and dWtdWt2 = pdt. The 
traded asset S, the non-traded asset Y and wealth process X follow the general 
stochashc differenhal equahon (SDE) of the form, 
dSt 
ptdt + o-tdWt' st 
d Yt 
W2 
Yt atdt + 
btd t 
(28) 
dXt OtdSt = OtptStdt + Oto-tStdWt' 
with the initial value So = so, Yo = yo and X0 = x. We assume the drift and 
diffuston coefficZents p, a, a and b sahsfy the standard bounded and Lipschztz 
condition in S and Y. In this chapter, drift and diffusZon coefficZents are 
constant or tZme dependent. That means that S(t), Y(t) are lognormal random 
varmbles. Or their SDEs are geometric Brownian motions. 
2.1.2 Problem Definition 
Suppose an agent has wealth denoted by X. Its risk appetite is represented by 
the utility function U: R --- * R, which satisfies the Von-Neumann- Morgenstern 
assumption. We define two value functions in Question 1. They are the same 
as the maximization of expected utility for the agent's terminal wealth under 
a series of optimal trading strategies. The only difference is that the second 
value function (equation (35)) does contain some extra liability. We say that 
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these liabilities are some general European-type claims written on non-traded 
asset Y. 
There are two questions that we want to answer in this chapter. 
Question 1. Optimal Hedging Strategy and Value Function 
In this chapter, our first task is to find out the optimal hedging strategy and 
the corresponding value function. 
We are looking for an admtssZble optZmal strategy 0* to maxtmtze the t 
expected utffity for the agent's termMal wealth. This optimal hedging 
strategy' is given by, 
ot = argsupfEp[U(XT(O)) ý ýFt]j 
(29) 
0 
The corresponding value function is given by, 
V(t, X, 0): R+ xRx9 --+R (30) 
Vt(x) = SupfEP[U(XT(O)) IFt]l (31) 
0 
where the wealth process Xt, 0<t<T is defined as, 
t 
Xt(O) -X+ 
fo 
O, dS, (32) 
with control variable 0 and mitial condition Xo - x. Ep(. ) denotes the 
expectabon wtth respect to the real probabRity P measure. 
2. When the system contains some extra European-type claims which are 
wrZtten on the non-traded asset Y, the agent has a motivahon to use 
the traded asset hedge her exposure, because the traded asset is correlated 
3 Note here, we do not question the existence of an optimal strategy optimizer 0. The 
uniqueness and the existence of a solution to optimization problem is beyond the scope of 
this thesis. 
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to the non-traded asset. We are looking for an admtssible optimal hedg- 
in strategy OC* to maxtm%ze the expected utility for the agent's terminal 9t 
wealth with extra liabilities. This optimal hedging strategy is given by, 
oc* - t argsupfEp[U(XC(Oc) - nC(YT)) (33) T 0 
and the corresponding value function is given by, 
V(t, X, Y, 0) : R+ xR2x E) ----> R2 (34) 
V, C(x, p') = supfEp[U(XC(O) - nC(YT)) (35) tT 0 
where VC (x, p') means a value funchon when the wealth rocess has extra tp 
lZabilities nC(YT), where there are n unds of the c1mms. C(YT) is a Eu- 
roPean type contZngent claim's payoff function at termznal time T, which 
is a ýFT -measurable random variable. Sometimes we denote it as CT. Yt, 0 
t<T is the process of the non-traded asset price. 
Question 2. Indifference PrWe for Non- Traded Asset Claims 
By the utility Zndifference prtcZng4 ,a principal, even an agent with extra li- 
abilities (second case Zn Question 1), also has Mdifference expected utility 
for the termMal wealth with and without the claims. Then we will find out 
the instantaneous utility indifference price pn of this liability, with terminal 
payoff nCT, which is the solution of equation, 
Vt (x) = Vt' (x, (36) 
pn is a utility Zndifference price of a writer selling (ask) of nCT claims. We 
note that, the utility indifference price of a buyer (bid) of nCT claims can be 
related by Pb(n) = -p, (-n). nC(YT) Zs a bounded payoff function at time T. 
t The instantaneous indifference price pn is the solution of Vt(x) = VC(X, pn). 
at tZme T has value p' = nC(YT). T 
4 About the indifference pricing theoretical basis, please see Hodge and Neuberger 
(1989) for reference. 
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2.2 Utility Indifference Pricing by the Primal Approach 
The theoretical logic of the utility indifference pricing was addressed mathemat- 
ically in the last section. This concept comes from the assumption: the claim 
is priced so that an agent's expected utility of the terminal wealth remains the 
same with and without the claims. To compute the utility indifference price 
of claims, a stochastic control problem must be solved. That is the optimal 
hedging problem. From the technique perspective, to work out this optimal 
hedging strategy and the price of contingent claims, we can apply dynamic 
programming to resolve this stochastic control problem, which dates back to 
Bellman (1957) and Merton (1969). 
The difficulty is a non-linear and high dimension Hamilton- J acobi-Bellman 
(HJB) equation derived from dynamic programming. We follow Zariphoupoulou's 
primal approach. By using the Hopf-Cole transformation (or distortion), a non- 
linear HJB equation is reduced to a linear one. Based on the Feynman-Kac 
formula, then it is easy to find out the solution for the value function and the 
utility indifference price. 1n the process of implementation of Zariphoupoulou's 
primal approach, we show only two classes of utility functions are resolvable 
analytically. They are the exponential class of utility functions and the ex- 
tended power class of utility functions. Based on an exponential class of utility 
functions, the utility indifference price can be formulated explicitly. We name 
it ZartPhoupoulou's utihty indifference price. We then introduce a decomposed 
form of the Zariphoupoulou's solution and derive further results on parameter 
elasticity in the next section. For the extended power class of utility functions, 
it is hard to write down its price formula. 
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2.2.1 Dynamic Programming and HJB Equation 
Dynamic programming, originated by Bellman (1957), is a mathematical tech- 
nique for making a sequence of interrelated decisions, which can be applied to 
many optimization problems. The basic idea of this method applied to optimal 
controls is to consider a sequence of optimal control problems with different 
initial times and states, to establish relationships among these problems via the 
so-called Hamilton- J acobi-Bellman equation (HJB for short). Here we recall 
Zariphoupoulou's optimal hedging strategy theorem (2004) by dynamic pro- 
gramming and describe some important results. 
2.2.1.1 Zariphoupolou's Theorem 1 
Theorem 1. ZanPhoupolou's Ophmal HedgMg Strategy by Dynamtc Program- 
mzng 
Given a value function and a utility function, for maximizing an agent's ex- 
pected utility for the terminal wealth, an agent should choose its optimal invest- 
ment strategy or control vartable 0* as, 
OC* - 
ptvx pbtYtVxy 
t 
07, stvxx Ut 
St VXX 
(with claims) (37) 
t 
0* At 
vx 
(without claims) (38) t (7, stvxx t 
where subscrTts of V means partial derivatives with respect to X or Y. 
The dynamic programming method starts from a recursion function, The 
basic idea is that over a time interval, 
T 
[t, T] with t -- i6t, 6t =k, Z=0)11 ... k) 
(39) 
we divide the control process (0) into control variables, 
Oi6t over [z6t, (+1)6t], i- 01 11 .... 
k (40) 
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In the discrete time setting, the value function is given by, 
VC (x, p) - sup Ep f sup ... sup 
Ep[U(XTc(OC) - nCT) 00 06t O(k- 1)6t 
The optimal hedging strategy is a series of, 
Oi6t, k-1,1,0 (42) 
which optimizes over each time interval separately. As 6t --ý 0 it becomes a 
continuous process. 1n the discrete time, it is computed backwards by the 
following scheme, 
At time T: P' = nCT T 
Over [t6t, (i + 1)6t], Z=k-I.... 1,0, 
Recursion of the value function is given by, 
V, C(XC pnt)=SUPEP[VCl), t(X(Ci+l), t, pn+l), t i6t) i6 Oi6t i+ 
(43) 
where VC (Xc p' t) is a martingale under the optimal strategy Oc* and super- 16t i6t I ij i6t 
martingales under any other strategy Oý6 i6t 
Starting from the recursion of the value function, we assume that the value 
function satisfies the smooth condition and is a function of variables (t, X, Y), we 
use Itb's lemma to evaluate the expectation term of the recursion function, 
dV = 
Ov 
dt + 
av 
dX +i 
alv 
(dX)2 
(9t (9x 2,9X2 
av dY +I 092V (dY)2 + 
02V 
(dXdY) (44) 
OY 2 ay2 OX(9y 
We get the HJB equation on [0, T] xR2, 
av av oc I alv 
2a 2S2 
+ SUP[ pt St + (0c) t 
at 0 ax 
2jX-2 tt 
a2 vc 
+ jý-Ot putStbtYt] Xay , gy 
av I a2V 2y2 =0 t at Yt +- jjy-2 bt (45) 
09Y 2 
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Given the gradient optimization condition of HJB equation with respect to Ot, we 
get, 
oc* tttvx pbtYtVxy t 2S V xx 07ts V O-t tt xx 
(46) 
where subscript of Vx, Vxx, Vxy means partial derivatives. By substituting 
this OC* to the HJB equation, we can rewrite it as a non-linear partial differ- 
ential equation (PDE) as, 
2V2 
vt - 
[it x 
2 Or2VXX t 
plit btYt Vx Vxy 
utvxx 
22 
ty2V2y tx p +- atYtVy +I btYtVyy =0 (47) 2 VX X2 
Without claims, the HJB equation can be rewritten as, 
ov 
+ sup[ ov ottit S+Ia, v -2S2] at 0 ax 2 X2 
(0t)20 
t (48) ýýX-2 -0 tt 
and the optimal hedging strategy is given by, 
o* ptvx t2 (49) 
Ut stvxx 
2.2.1.2 Summary of Zariphoupoulou's Theorem 1 
The above PDE derived from dynamic programming is a Hamilton-Jacobi- 
Bellman equation. Under smoothness assumptions on the value function, the 
existence and uniqueness of its classic solution has been intensively studied by 
many scholars. The current research result has extended its solution to a new 
notion: the viscosity solution. The viscosity solution formulation has more 
general assumption on the value function than the classic solution formulation. 
This topic is beyond the scape of our research. For a theoretical reference, 
please see Touzi (2002) for reference. 
Observing the solution when containing non-traded assets, the first term on 
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the right-hand-side of equation (46) is an instantaneous mean-variance efficient 
portfolio, and the second term represents the hedging demands against risk 
from the non-traded asset. This result is consistent with the fact that, in 
our portfolio, we have a motivation to change the exposure of the tradable 
risky asset to hedge the non-traded asset. Obviously, when the non-traded 
asset is included in the model, we need more of the traded asset to hedge the 
risk. This quantity is positive related with the correlation coefficient and the 
standard deviation of the non-traded asset. 
Note that dynamic programming makes a sequence of decision, and in 
particular, the original optimal hedging strategy decision. The HJB equation 
(47) is a nonlinear second-order partial differential equation. It requires the 
solution of the HJB equation be sufficiently smooth to correspond to the order 
of derivatives involved in the equation. 
2.2.1.3 The Hofp-Cole Trans format ion 
Answering our question in further detail, we meet many mathematical prob- 
lems. A difficult one is a non-linear and high- dimensional HJB equation. We 
need more technical skills to reduces its dimension and linearize the PDE. 
V(t, X, Y) is the solution of the non-linear PDE. To solve it analytically, Za- 
riphoupoulou firstly addressed a distortion technique, the Hopf-Cole transfor- 
mation, which can effectively solve this question. The Feynman-Kac formula 
is also needed here. Now this transformation has become a standard method 
for this type of problem. 
Since the utility function is scalable, we assume the solution of equa- 
tion (47) is, 
X, Y) =U (t, X) F(t, Y) (50) 
t) is a real where U (t, Xt) is a utility function. Xt is a wealth process. Fr (t, y 
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function. Yt is a non-traded asset price process. r is a real number. By sepa- 
rating variables, all partial derivatives are, 
Vx Ux F' (51) 
Vxx UxxF' (52) 
Vt rUF'-'Ft (53) 
y Vy rUFr-'F (54) 
VY) - r(r - I)UF'-2 Fy2 + rUFr- 'Fyy (55) 
Vxy = rUxF'-'Fy (56) 
The terminal boundary condition is V(T, X, Y) = U(T, X, Y). After 
separating variables, we rewrite equation (47) as, 
Y t UX2 1 2y2F ppt bt bt yy + [atYt Ft +2t 
O-tUUxx 
Fy 
2u2 rp2 2y2U2 2 bF x 2y2 tt X]'Y =0 2 TU2UUXX 
F+2 [(r - 1) bt t UUX2X F 
(57) 
t 
F(T, Y) 
U (T, X, Y) 
) 
U (T, X) r 
Through observing the left hand side of the equation (57), we set the last term 
on the left-hand-side equal to zero to fulfil the Feynman-Kac formula. That 
leads to, r 
-p2 
1 
U2 -. 
Now we rewrite it again, 
UUxx) 
2 1 2y2F opt bt Yt Uýý Ft + bt t [atYt -] Fy 2 yy + utuuxx 
1 /l 2 UX2 (1 p2 
2t o- 2UU XX 
F=0 (58) 
t 
U (T, X, Y) (I-p2 UX2 
F(T, Y) =(U (T, X)-) 
UUXX 
2.2.2 Utility Function Constraint 
Observing the new PDE (58), the utility function and its partial derivative 
present in the parameter terms. To solve this parabolic PDE, our research 
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should focus on some specific classes of utility functions. They should satisfy 
properties at least including, 
9 Continuously differentiable with respect to X up to second order, U 
CI, 2 in R 
U2 I is constant. UUXX 
We use the following theorem to define two classes of resolvable utility 
functions. 
Thesis Result 1. Uhlity Function Constraint 
In this chapter, our research will focus on two classes of utility funcUons, all 
of them satisfying 
Ux2 be constant. Under Von- Neumann- Morgenstern as- uuxx 
sumphons, we define two classes of utility functions when, all of the parameters 
(CI, C2, C3, C4) are constant real numbers. 
TT2 
When -x the utffity function is defined as a generaltzed exponen- uuxx 
hal type, 
U(X): = C2e- 
CIX 
wtth C, < 0, C2 <0 (59) 
When Cl = -r, C2 = -1 , 
U(X) := -e-" is the conventional exponen- 
tial utility function. 
TT2 
When -x 1, the utility function is defined as a generahzed extended uuXX 
power type, 
U (X) C4 (CI X+ C2) 
C3 (60) 
w2th 
C1X + C2 > 0, Ci > Oý 0< C3 <t C4 > 01 (61) 
I-R, C4 =1, U(X) :- 
"-R is the When Cl 1, C2 - 0, C3 -= 1R 1-R 
conventional power utffity function. 
In contrast to the non-negative wealth 
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power utility function, our generahzed formula extends its domain to the 
whole real line, which means negative wealth zs accepted by this generalized 
extended power utility function. 
These two classes of utility function problems can be solved analyttcally by 
the prtmal approach mentZoned above. 
Proof. - 
2 
To solve the non-linear PDE (58) analytically, we let 
ux be constant. uuxx 
Otherwise dimension cannot be reduced. 
9 Case 1: 
In Case I, the target differential equation is defined as, 
TT2 
ýý x (62) 
U'YxU 
We solve this differential equation by the following steps. 
By assuming, 
Ux = P, Uxx 
dp (63) 
dU 
the problem then becomes, 
P2 = P-Lp U =: ý' 
u-p (64) 
dU dU dp 
By integrating both sides, we have, 
dU 
p= clu ==> dX = 
clu (65) 
By integrating both sides again, we obtain the solution to the differential 
equation such as, 
U (X) C2 e 
cix (66) 
For satisfying Von-Neumann- Morgenstern assumptions, parameters should 
satisfies, 
Cl <OX2 <0 (67) 
47 
9 Case 2: 
In Case 2, the target differential equation is defined as, 
TT2 
, -" x 
uuxx 
We use the same method to solve the differential equation, 
We find the solution as, 
TT2 
k-I xc 
uuxx 
U(X): = C4(ClX + C2)C3 
(68) 
(69) 
(70) 
For satisfying Von- Neumann- Morgenstern assumptions, parameters should 
satisfies, 
0< ClX+c2i0< C3 < liC4 >OA >O 
2.2.3 The Exponential Class of Utility Functions 
After the Hoft-Cole transformation (a dzstorhon), the non-linear HJB equa- 
tion has been reduced to a linear one. In this part, we are going to substitute 
a specific utility function to equation (58). Then find out the solution for value 
function and indifference price. This is a process of implementation of the 
Feynman-Kac formula. Now we recall Zariphoupoulou's value function theo- 
rem (2004). 
2.2.3.1 Zariphouplouls Theorem 2 
Theorem 2. Zariphoupoulou's Value Function and Indifference Price 
When an agent has an exponential utzlity risk aversion function, 
U(X) C2eClx with Cl < 0, C2 <0 (72) 
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her value function is given by, 
1. (With claims) 
V t (X, pn) C2e 
C, (X+pn) tEQfexp[C, (, 02 - 1)nC(YT) 
1112 
t_ ýo2) 
2 
(73) 
2 o-t 
2. (Without claZms) 
Vt, (X) C2 e-cl (x) exp [- 
1 Pt' 
20-2 t 
(74) 
The wrZter price of European type claims written on non-traded assets is given 
byj 
(P2 'r Pt = C, (p2 - 1) 
In EQ f exp [Cl - I)nc(YT)] I, tj (75) 
where EQ(. ) Zs the expectatzon wZth respect to an lt6 process, 
dYt - (atYt - 
ppt bt Yt )dt + btYtdWtQ (76) 
at 
All notations are explained in the introduction section of this chapter. 
Definition 3. Feynman-Kac Formula 
The functions a(t, Yt), b(t, Yt), c(t, Yt), k(t, Yt) and h(T, YT) sahsfy relative suf- 
ficient condition, if there is no arbitrage, then the dertvative securtty defined 
by the payoff h(T, YT) at tZme T has the price process F(t, Yt) in [0, T] x R, 
T 
F(t, Yt) - EQfh(T, YT) exp[- 
it 
k (S, YS) ds] (77) 
where EQ(. ) ts expectation value wZth respect to an 10 process, 
dYt = [b(t, Yt) + c(t, Yt)]dt + a(t, Yt)dWQ (78) 
where F(t, Y) is the solution to, 
1 2(tly - 
k(t, Yt)F =0 Ft + -a t)Fyy + 
[b(t, Yt) + c(t, Yt)]Ft, y, 
2 (79) 
F (T, Y) =- h (T, YT) 
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Let us solve the exponential class of utility problem firstly. Its utility function 
is given by, 
U(X): - C2C- 
Cix 
with C, < 0, C2 <0 (80) 
Substituting it to equation (58), we have a standard parabolic PDE, 
2(1 
- 02) 2y 1 fit Ft + -b tFyy + (atYt - Fy -2 2 0-t Ort 
with terminal boundary condition as, 
' -ClnC(YT)) 
11 
F(T, Y) = (e r with r- p2) 
(82) 
We remark here that F is an intermediate value function degenerated from 
V. The linear HJB equation (81) reduces to the Feynman-Kac formula by 
definition, which is used to solve this type of PDE. The Feynman-Kac formula 
shows the solution F(t, Y) is, 
F(t, Y) = EQf exp[-C, (1 _ P2)nC(YT) 
pt2 (1 
2 
p2 ) T] I Yt (83) 
2 07t 
which is the expectation on Q measure, where the R6 process is given by, 
pfitbtYt dY = [atYt - -]dt + btYtdWQ (84) at 
Now we can rewrite the value function as, 
(X, p') = X, Y) (85) 
U(X)F(t, y)r (86) 
CI 2ecl(x+P')fEQfexp[Cl 
(P2 
_ I)nC(YT) (87) 
2(l 
- '02) 
1 itt 
2 
T] I Ftll('-P2) (88) 
2 at 
Then we proved the formula of value function (73). 
When there are no any claims presented, the value function will be reformed 
as, 2 
V -V(t, X)----: C2CCI(x)exp[- 
LIT] (89) (x) 2 O-t 
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By the Hodges and Neuberger's indifference pricing principal Vt(x) - Vtc(x+ 
p"), we can finally work out the indifference price of claims written on non- 
traded asset, 
(P2 
_ C, (p2 In EQ f exp [Cl I)nC(YT)] 
1,17t 1 (90) 
2.2-3.2 Summary of Zariphoupoulou's Theorem 2 
Exponential utility function has an appealing characteristic, it lets us split 
the initial wealth out of the problem and leads to an explicit analytical solu- 
tion. Applying the Hoft-Cole transformation and the Feynman-Kac formula, 
we obtain the pricing formula (90). This is our objective, the writer's utility 
indifference price of European type claims written on a non-traded asset. 
This price looks greatly different from the complete market price. Since 
normally, the complete market price can be written as an expectation of the 
payoff function under a martingale measure. However, the utility indifference 
price is a nonlinear expectation of the payoff function, which is a remarkable 
characteristic of utility indifference price. Alternatively we can look the term 
inside the expectation bracket as a discounted payoff function. We will use a 
numerical example to compare this utility indifference pricing formula (equa- 
tion (90)) with the Black-Scholes formula for a European type claims. 
51 
2.2.4 The Extended Power Class of Utility Functions 
Secondly let us solve the extended power class utility problem. Its utility 
function is given by, 
C4(Clx + C2)C3 with 0< Clx+C2,0 < C3 < IX4 >0 
Substituting it to equation (58), we have a standard PDE, 
2y pptbtYtA, FY 
1 M2 A(j - 02 A) 
1-t Ft + -b tFyy + [atYt -2F=0 (92) 2 Ut 2 Ort 
where A is any constant. If we assume that it is possible to write the terminal 
condition of power utility as, 
where 
F(T, Y) = h(YT) with r= A(I 
1 
p2 A) 
(93) 
h(YT) - 
U(T, X, Y) Ci [XT - nC(YT)] + 
C2 
1C3 (94) 
U (T, X) Cl (XT) + C2 
By applying the Feynman-Kac formula, the intermediate variable becomes, 
I_p2 
1 2A(l 
_ p2A) (Y A Pt F(t, Y) = EQf h T)A( exp[- 2 U2 
)7tf (95) 
t 
where the expectation is on the Q measure, which is given by an It6 process, 
dY = (atYt - 
ptitbtYtA )dt + btYtdWQ (96) 
at 
We can now rewrite the value function as, 
V(x, p') = V(t, X, Y) = 
2A(I 
_ 02. A) 
T)A(1-p2A 
1 Pt 
C4 [CI (X + pn) + C2]C3EQfh(Y, ) exp[- 2 o- 
2 (9 7) 
t 
When there are no claims presented, the value function is reformed as, 
2_ 
ýo2A) (X) V (t, X) 
-::::::: 
C4 (Cl X+ C2) C3exp[- 
1 litA(l (98) 
0-2 t 
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By Hodges and Neuberger's indifference pricing principal, the indifference price 
t should satisfy the equation V, (x) = VC (X + pn). But as we will explain, we 
cannot obtain this pricing formula. 
2.2.4.1 Summary of the Extended Power Class of Utility Functions 
In the extended power class of utility case, the closed-form formula of the 
utility indifference price is not, in general, available. We show its reason here. 
As we know, the terminal condition is given by, 
V(T, X, Y) = U(T, X, Y) 
When we set, 
V(T, X, Y) = U(X)F(T, y)r 
an equation must be held, 
U(T, X, Y) =- U(X)F(T, Y)r 
(99) 
(100) 
(101) 
For the exponential class of utility function, this equation can be obvious sat- 
isfied. However, when we adapt extended power class utility function such 
as, 
U(X): 
- 
C4(ClX + C2) 
C3 (102) 
we found that the formula of F(t, Y) is normally unknown, unless, 
F(t, Y) =1 (103) 
or when, y 
(104) 
x 
This means: if an agent has a power class of utility functions, the close-form 
formula of its utility indifference price is not available. 
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Proof. - 
We expand C4 [CI (X + Y) +C2] 
C3 by the Taylor series, 
C3 
, C-1 
IC1 (X + y) + C21 
ý 
C4(ClX + C2 )C3 [I + 
ClC3Y 
-+ 
C12 C3 (C3 - I)y2 + 0((Y)3)] (105) ClX + C2 2(C, X + C2)2- x 
Substituting it into equation (101), we have, 
y)r 
ci C2C3(C3 _ 1)y2 y F(t, - 
[l+ 
Gy 
+1_+ o«_)3)] (106) CIX + c2 2(CIX + C2)2 x 
This looks almost impossible. Zaripophoulou (2001) explained that normally 
the component of F(t, Y) is unknown. As a matter of fact, there is no available 
solution. Unless for a simple case, when ýý --ý 0, it becomes F(t, Y) x 
2.3 Utility Indifference Price 
In the utility indifference pricing model, the agent has an exponential utility 
function and a constant risk aversion C1. She issues n units of contingent 
claims, written on a non-traded asset Y. This European type contingent claim 
has the payoff function C(-). If the issuer can find a sufficiently traded asset 
S, which is correlated with the non-traded asset in the market, the utility 
indifference price of this contingent claim is formulated as, 
nI- In EQ f exp [Cl ('02 _ I)nC(YT)] I Ttj (107) Pt = C, ('02 - 1) 
where the function C(YT) is the European type payoff function of the under- 
lying asset Y at the time T. The payoff function of a European call option 
has the form of C(YT) = (YT - K)+. K is its strike price. By Zariphoupoulou 
(2004), EQ is the expectation under the risk-neutral probability measure with 
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respect to an Itb process, 
dYt - (atYt - 
pbttbtYt )dt + btYtdWQ 
Ort 
t (108) 
where TVtQ is a Brownian motion under the risk-neutral probability measure. 
This risk-neutral density of the terminal price of the underlying asset is log- 
normal, 
yl opt bt b2), F]2 [ln( T) - (at _ 
ýr2 pf-- 
Yt O-t t (YT) - ý7ý ex rT 
(109) 
YT bt 7- 2b 27- t 
So the utility indifference price of a European call option could be written as, 
+c In exp[RnC(YT)]f (YT)dYT (110) n1 "0 Pt R 
J- 
+00 
In exp f Rn (YT - K) (111) R 
JK 
YTbtvl-27r-F 
[In (11) - (at - Pý'tb' - -Ibt2)T]2 Yt 
2b2-F 
at _2_ -jdYT (112) 
1 
where R=C, (p 2- 1). By changing the variable, we let 
ln(ll) - (at - P4bt - -lb 2 Yt 07t 2t 
bt Vý'T 
The integral interval becomes, 
K< YT < +c)o 
pjitbt 2 ln(! ý) - (at - bt Yt Ort <<+ C)o (115) bt VI-r 
Now the utility indifference price becomes, 
00 0 
R 
In 
JA+ 
ý27 expf Rn(YT - K) -2 Idl 
where [btVrTl+ (at - pl"tbt - lb 
2)T] 
YT = Yte 2t 
A= [In( 
K (at - 
p/itbt Ib 2)T]IbtVT 
(117) 
Yt 07t 2t 
Note here that the integration of equation (116) can not be made analyti- 
cally. Numerical quadrature is required. After initial calculation, we found this 
rý rl 
integration interval has to be bounded. This means, we have to fix a reasonable 
upper bound. Otherwise, the solution is an unbounded integration. 
The second way to obtain an approximated value of the utility indiffer- 
ence price is to use the Taylor series for the exponential function embedded in 
the expectation term of equation (90). We have, 
n Inf Ef I+ RnC(YT) (118) Pt R 
(Y +-[RnC T)12 (119) 2 
(Y +- [RnC T)]3 + (120) 6 
1 
lnýl + E[R 2 nC(YT)] (121) R 
(Y +-E[RnC T)]2 (122) 2 
(Y +-E[RnC T)]3 +... (123) 6 
As we know that lim,, o In(l + x) = x. When p -* I or R -* 0, we have, 
IRE[nC(YT)] (124) 
R 
1 2E[, n2C(y +-R T)2] (125) 2 
1 3C(y 3E[n T)3] +... I +6R (126) 
1 2C(y E[nC(YT)] + -RE[n T)2] 
(127) 
2 
1 
R2E[n3C(y +6 T)3] (128) 
It is obvious the utility indifference price can be approximated 
by a series of 
moments with the coefficients of the correlation and the agent's risk aversion. 
It can be formulated by, 
00 R k-I 
pn = tEk! 
k=zl 
kEQ py n T)k] (129) 
where R= C1 (p 
2- 1). When the correlation p=1, this leads to a condition, 
at =::: 
pt bt (130) 
at 
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the market becomes complete and the utility indifference price is equal to Black- 
Scholes price as, 
pn= nEQ [C(YT)l = nPBS t (131) 
So the price of residual risk accrued by the incomplete market is formulated 
as, 
nn 
00 Rk (k+ [C(Y -E . (k + 1)1 n 
1)EQ T)(k+l)] (132) Pincomplete - Pcomplete 
k=1 
2.3.1 Summary of the Utility Indifference Price 
The evaluation of utility indifference price depends on the agent's risk aversion, 
the utility function as well as market conditions. This is in contrast to the 
Black-Scholes model. To clarify this difference, we introduce an evaluation 
operator, 
E: C --ý R, if CE 
Et, T(C): - E(CT 
I-Ft) 
(133) 
(134) 
which is to define the utility indifference pricing function. Some important 
characteristics 5 will be stated here rather than proved. 
9 Recovery of complete market price 
In a complete market, this mechanism recovers the complete market price. 
o Monotontuty 
Let p' be the utility indifference price for one unit of payoff CT' and 
if CT' < CT' then Et, T(Cl) -<- Et, T (C2) or p' '< p2. 
9 Concavity 
Let p, \ be the utility indifference price for the claim. 
If ACT' + (I 
A) CT' where AG [0,11 , 
then Et, T [ACT' + (1 - A) 
CT2 ] >- Et, T (CT1) + (1 
A)Et, T(CT2) or pA ý: Ap' + (I - 
A)p2. 
5 For theoretical proof, please see Henderson 
(2004) for reference. 
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9 Non-lMear pricmg 
The function E(-) is a nonlinear expectation. From an increasing and 
concave utility function, we could infer that the utility indifference price 
is non-linear in the number of claims n. Agent will pay less than twice 
for double claims, which is different from Black-Scholes framework. 
2.3.2 Sensitivity Analysis and Numerical Test 
Practitioners dislike using utility function, it is because that one disadvantage 
is hard to establish what a person's utility actually is. Alternatively we say 
that the utility function is unobservable. We can implement the calibration 
through option prices, such as Bliss and Panigirtzoglou (2001). Normally we 
do not calibrate the utility indifference pricing model, but perform a sensitivity 
analysis to find how parameter's impact on the utility indifference price. In this 
section, we perform the sensitivity analysis and several numerical examples for 
an exponential utility agent by using the results demonstrated before. We list 
the numerical inputs in Table 1. 
To compare the utility indifference price with the Black-Scholes price, we 
perform a scenario simulation test firstly. We let the correlation equal to one 
(p = 1) and satisfy the condition (at = Pý'tbt). If the scenario simulation result Olt 
has a good convergence to the Black-Scholes price, we can show: the utility 
indifference pricing mechanism recovers the complete market model. We set 
PBS, a Black-Scholes price of a European call option, as the benchmark. From 
Figure I and Table 2, we can see that the pt converges to PBS when we generate 
five million scenarios. 
In contrast to the Black-Sholes price of a European option, the utility 
indifference price depends on two more pricing factors. One is the agent's risk 
aversion, and one is the correlation. To have better understanding of them, 
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Black-Scholes Model Non-Traded Asset Model 
Yt: Current price of Y 10 Cl: agent's Risk aversion -1 
K: Call option strike price 9 p: Correlation I 
-r: Time to mature (days) 10 /-tt: Expected return of traded asset 0.05 
r: Interest rate 0 at: Expected return of non-traded asset 0.1 
q: Dividend yield 0 at: Volatility of traded asset 0.2 
bt: Volatility of underling asset 0.4 bt: Volatility of non-traded asset 0.4 
St: Current price of traded asset 10 
Yt: Current price of non-traded asset 10 
K: Call option strike price 9 
T: Time to mature (days) 10 
n: Number of contract I 
Table 1: Numerical inputs of utility indifference price test 
a, 
> 
C 
0 
0. 
a, 
C., 
-500000 500000 
1500000 2500000 3500000 4500000 5500000 
Nos of Scenario 
Non-traded asset model ....... Black-Scholes lvbdei 
1.02- 
1.015 
tol 
. 005- 
1- 
). 995- 
0.99 
Figure 1: Non-traded asset prices vs Black-Scholes prices 
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Nos of Scenario (N 1000 10000 100000 500000 1000000 5000000 
pt: Non-traded asset model price 1.0181 1.0188 1.0163 1.0136 1.0149 1.0148 
PBS : Black-Scholes model price 1.01487 1.01487 1.01487 1.01487 1.01487 1.01487 
Difference 
-0.00323 -0.00393 -0.00143 0.00127 -0.00003 0.00007 
Table 2: Non-traded asset prices vs Black-Scholes price 
CL 
0 
, (3 
1.4000 
1 3000 
. 
3000 
1.2000 
1000 000 
1.0000. 
0.9000 - 
0.8000 
0.7000 
0: 6000 
-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5 
Rsk Aversion Parameter 
risk aversion m risk preference 
Figure 2: Non-traded asset prices with different risk aversion coefficients 
C,: Risk aversion coefficient 0 -0.2 -0.4 -0.6 -0.8 -1 
pt: Model price 1.0282 1.0591 1.0905 1.1226 1.1555 1.189 
Change ratio -3.01% -2.96% -2.94% -2.93% -2.90% -2.89% 
C,: Risk preference coefficient 0 0.2 0.4 0.6 0.8 1 
pt: Model price 1.0282 0.9978 0.9685 0.9400 0.9128 0.8863 
CR: Change ratio -2.96% -2.94% -2.94% -2-89% -2.90% -2-85% 
Table 3: Non-traded asset prices with different risk aversion coefficients 
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p: Correlation 0 0.1 0.2 0.3 0.4 
pt: Model price when C, = -2 1.5113 1.505 1.4861 1.4569 1.4178 
Change ratio -0.42% -1.26% -1.96% -2.68% -3.41% 
pt: Model price when C, = -1 1.2613 1.2565 1.2466 1.2313 1.2138 
Change ratio -0.38% -0.79% -1.23% -1.42% -2.01% 
pt: Model price when C, = -0.5 1.147 1.1432 1.1375 1.1294 1.1194 
Change ratio -0.33% -0.50% -0.71% -0.89% -1.12% 
pt: Model price when C, =0 1.0413 1.0378 1.0356 1.0334 1,0306 
Change ratio -0.34% -0.21% -0.21% -0.27% -0.21% 
p: Correlation o. 5 0.6 0.7 0.8 0.9 1 
pt: Model price when C, = -2 1.3694 1.3111 1.2466 1.1747 1.0966 1.0148 
Change ratio -4.26% -4.92% -5.77% -6.65% -7.46% 
pt: Model price when C1 = -1 1.1894 1.1617 1.1302 1.0954 1.0563 1.0147 
Change ratio -2.33% -2.71% -3.08% -3.57% -3.94% 
pt: Model price when C, = -0.5 1.1069 1.0918 1.0751 1.0573 1.0365 1.0147 
Change ratio -1.36% -1.53% -1.66% -1.97% -2.07% 
pt: Model price when C1 =0 1.0284 1.0254 1.0223 1.0201 1.0178 1.0148 
Change ratio -0.29% -0.30% -0.22% -0.23% -0.29% 
Table 4: Non-traded asset prices with different correlations 
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Figure 3: Non-traded asset prices with different correlations 
we derive the formulas of the utility indifference price's sensitivity to these two 
pricing factors. We also use a numerical example to test their impacts on the 
indifference price. 
Thesis Result 2. Risk Aversion Coefficient 
When the utility indifference price is given in a decomposed form (equation 
(129)), the utility indifference price's sensitivity to the risk aversion coefficient 
is given by, 
dpn 12 2C(y 2 (p - I)E[n T) 
]+ O[Cl (P2 _ 1)2] (135) dCj 2 
where dpnldC, < 0. This means, as an agent becomes more risk averse, she 
charges more premium for the unhedgable risk from the contract. Also we can 
see that the utility indifference price's sensitivity to the risk aversion coefficient 
is not a constant. 
lim I 
dpn 
I> lim I 
dpn (136) 
c, -, 0 dC, c, E dCj 
E is an any real number. The sensitivity becomes less as agent's risk aversion 
deviates from risk neutrality. 
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In Figure 2 and Table 3, we test the utility indifference price as a function 
of C1. We show that as the risk aversion increases, the indifference price falls. 
It explains the fact: when an agent becomes less tolerant of risk, she will be 
willing to charge more premium on the claims. It is obviously observed that one 
advantage of the utility indifference pricing is its incorporation of risk aversion. 
We set the initial price So = 10 and Yo = 10 in this numerical test. The drift 
and diffusion coefficients are pt - 0.05, gt - 0.2, at = 0.1 and bt = 0.4. The 
correlation is p=0.5. Time to maturity is 7= 10 days. Quantity of claims is 
n =- I and number of scenarios is N= 5000000. 
Thesis Result 3. Correlation 
The utility Zndifference prwe's sensitivity to the correlation is given by, 
dpn 1 
CIE[n2C(y T)2] + o[C2(, 02 (137) d(p2 - 1) 21 
where dp'ld(p 2- 1) < 0, so dp'ldp <0 wzth p>0. S%mzlarly Zts value Zs not 
a constant, but rather, 
dp' dpn 
lim II> lim 1-1 (138) 
p-, i dp p, o dp 
T"en p -+ 1, the implied correlation is given by, 
Ec(y, (139) T)) 
C(y2 
ý-(PCJE 
T) 
Figure 3 and Table 4 display the correlation's effect on the utility indifference 
price. When the correlation is close to one, the incomplete market becomes 
the complete market. All agents with difference risk attitudes charge the same 
premium on the claims. Alternatively, it is a one price market. 
However 
when the correlation becomes less than one, the utility indifference price grows 
dramatically for those agents with a higher risk aversion. This means, if the 
market limits the liquidity of the claims, or if the agent could not 
find a high 
correlated traded asset to hedge the unhedgable risk, the price she charges 
for 
the claims will increase. 
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2.4 Further work 
When we extend our research to a higher dimensional case (more than three), 
the methodology discussed in this chapter will not be valid anymore. For ex- 
ample, if we assume the expected return of traded risky asset follows a mean- 
reversion process, we will meet a higher dimensional non-linear HJB equation 
problem, which can not be solved by the existing method. 
Model assumphon: 
When we recast the mýodel assumption to a mean-reversion process, we have: 
(1) The process of the traded risky asset return follows: 
dSt 
= Ztdt + asdWtl (140) st 
(2) Its expected return Zt satisfies: 
dZt - a(2 - Zt)dt - azdWtl 
(3) The process of the non-traded risky asset: 
dYt = Ity (Y) dt - o-y (Y) dWt2 
(142) 
All the parameters satisfy the normal conditions. Expected return Zt on St is 
assumed described by an Ornstein-Uhlenbeck process, where Z denotes the 
long-term expected return and a is a parameter that describes the degree of 
mean-reversion, and dWt'dWt2 = pdt. 
oln 
, pen Question: 
Following the same steps as the previous analysis, the HJB equation 
becomes, 
dV(t, X, Y, Z) =z: Vtdt + VxdX + VydY + VzdZ +1 Vxx(dX)2 2 
)2 + 
iv 
+ VxydXdY + +VxzdXdZ + VyzdYdZ (143) +2 Vyy (dY 2 ZZ 
(dZ) 2 
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As At --* o, we have, 
sup 020-2 V SZ + xx + tly(y) y 
OZV I VI 
OEE) 
X+ OCYS07YPVSY + 007SUZP12V 
2S 
a(2 - Z)Vz + uyuzVyz +2 (y)V 2V 
2 ay yy +2 az zz =0 (144) 
By the zero gradient condition with respect to 0C6, we can find, 
o* =- 
Zvx + 0-Suypvsy + USUYPVSZ (145) 
ul vxx s 
However, for this kind of higher dimensional non-linear PDE, the existing 
method does not work. More efficient numerical method such as finite dif- 
ference technique is required in the future work. Otherwise, we need to use 
other technique to reduce the dimension of the system. 
2.5 Conclusion 
In this chapter, we consider the problem of the pricing and hedging of claims 
on a non-traded asset. Several utility functions and the idea of utility indif- 
ference pricing are addressed rigorously. A dynamic programming technique 
is applied to resolve the stochastic control problem. A non-linear and high 
dimensional Hamilton- J acobi-Bellman (HJB) equation is derived from the dy- 
namic programming. We follow Zariphoupoulou's primal approach. By using 
the Hopf-Cole transformation, the non-linear HJB equation is reduced to a lin- 
ear one. Based on the Feynman-Kac formula, it is easy to find the solution for 
the value function and the utility indifference price. In the process of the im- 
plementation of Zariphoupoulou's primal approach, we demonstrate that only 
two classes of utility functions are resolvable analytically. Finally, we introduce 
a decomposed form of the utility indifference price. Based on it, we develop 
the explicit formulas of the sensitivity of the utility indifference price on the 
correlation and risk aversion. This decomposed form solution will be extended 
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in Chapter 5, when we assume a non-lognormal risk-neutral probability density 
function. 
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CHAPTER 3 
Finite Difference Approach 
The non-traded asset model gives rise to a Hamilton- Jacobi-Bellman (HJB) 
equation. This model, is a two- dimensionally controlled nonlinear Partial Dif- 
ferential Equation (PDE). In this chapter, we make contributions to its numer- 
ical implementation. We build two backward recursion algorithms, one linear 
and one non-linear. We discretize the linear algorithm in an explicit finite 
difference scheme and the non-linear algorithm in a designed Crank-Nicolson 
finite difference scheme. The non-linear algorithm performs a Newton iteration 
at each time step. A stability condition is given in the linear algorithm and 
the convergence proof of the non-linear algorithm is shown through numerical 
examples. It shows that our non-linear algorithm locally converges quickly and 
the reformulations are very powerful in computational flexibility and feasibil- 
ity. Besides the Von-Neumann- Morgenstern utility assumption, our algorithms 
have no further constraints on the utility function. 
3.1 Introduction and Literature Review 
In Chapter 2, a HJB equation is derived from a target stochastic control prob- 
lem. This HJB equation is a two-dimensionally controlled PDE. Similar PDEs 
arise in many applications in the Quantitative Finance. In its analytical solu- 
tion, the non-linear case is transformed into a linear case by a specific variable 
separation method (a distortion). The Feynman-Kac formula is used to get 
an analytical solution. However this analytical formula is usually not avail- 
able. For practical purposes, we require more efficient numerical techniques 
and implementation algorithms. The Finite Difference approach is one of the 
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directions we choose to investigate. 
In contrast to the theoretical study. there have been only a few studies 
focusing on numerical implementation. For numerical solutions of the utility 
indifference pricing and hedging problems, two distinct approaches have been 
considered. One approach is broadly classified as state space discretization, 
such as the finite difference or the lattice based approximation. In this direc- 
tion. Moore and Young (2002) used an implicit finite difference scheme to price 
equity-indexed insurance products. Lim (2005) presented a multinomial tree 
model for the indifference pricing and builds a backward iterative algorithm on 
a tree for pricing and hedging. Forsyth and Lahahn (2007) generalized a one- 
dimensionally controlled HJB equation under a Crank-Nicolson scheme for a 
transaction costs model. The other broad approach is Monte Carlo or random 
variable simulation methods. Grasselli and Hurd (2005) studied the Monte 
Carlo method for utility indifference pricing of a stochastic volatility model. 
Theoretically, there is always a question of the uniqueness of the solution 
in the numerical solution of HJB equations (nonlinear PDEs). In financial ap- 
plications, its relevant solution is the viscosity solution. Barles (1997) showed 
that a stable, consistent and monotone discretization converges to the viscos- 
itý7 solution when a nonlinear PDE satisfies certain conditions (such as strong 
comparison principle). In this chapter, we use the framework of Forsyth and 
Lahahn (2007) and extend their work from the perspectives of both the appli- 
cation and the numerical algorithm. 
The structure of this chapter is as follows, 
One-dimensionally (I-D) controlled HJB equation in an explictt scheme: 
Without the non-traded asset under an exponential utility case, the sys- 
tem turns out to be linear. We discretize a I-D linear controlled 
HJB 
(I-D parabolic PDE) in an explicit scheme. Matrix 
forms of the dis- 
crete equation are introduced. Based on Neumann 
boundary conditions, 
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a sequence of linear equations are solved backwards on the scheme. Sec- 
ond order consistency is shown; a stable condition is given by the Von- 
Neumann stability analysis. In a numerical example, the comparison of 
the analytic and numerical solutions is carried out for the exponential 
utility function case. 
s Two-dimensionally (2-D) controlled HJB equation in a designed Crank 
Nicolson scheme: 
With the non-traded asset, the system turns out to be two-dimensional 
in states. We discretize a 2-D nonlinear controlled HJB equation (2- 
D elliptic PDE) in a Crank-Nicolson scheme. Matrix forms and Neu- 
mann boundary conditions are introduced. We design a Newton iteration 
embedded in a Crank-Nicolson scheme to resolve non-linear discretized 
PDEs backwardly. A convergence proof is shown in a numerical example. 
Certainty equivalent value and indifference price: 
To our knowledge, certainty equivalent value is the only way to link both 
I-D and 2-D HJB equations. This leads to the final indifference price in 
the non-traded asset model. In this chapter we must add the certainty 
equivalent value concept. 
9 Discussion and further work: 
To improve numerical algorithm accuracy and efficiency, a non-uniform 
scheme will be discussed for future work. 
3.2 Motivation 
In the non-traded asset model, intensive research has been based on the expo- 
nential, utility function assumption because it has many appealing properties. 
(1) The analytical formula of the utility indifference price is available. 
(2) 
Its dual problem is a minimal relative entropy problem. However economists 
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prefer to use power utility (Henderson (2004)). To find the indifference price, 
numerical solution seems to be the only solution to the more general utility 
assumption. In this chapter, we show that our numerical scheme setup is a 
powerful tool to combine different sorts of utility functions into one frame- 
work. 
To our knowledge, few practical numerical schemes have been devised and 
presented. In this chapter, we test explicit and implicit schemes under certain 
conditions. We use numerical example to compare the numerical solution with 
analytical solution (obtained in Chapter 2) to check its convergence. 
3.2.1 Problem Definition 
Definition 4. 
FollowMg the normal framework, ýWtl, Wt2j, 0<t<, T are standard Brow- 
nian motions defined on the probabihty space and dWt'dWt2 = pdt. Traded 
asset S, non-traded asset Y and wealth process X follow the general stochastic 
differenhal equatton (SDE) of the form, 
dSt = p(t, St)dt + o7(t, St) d Wtl 
dYt = p(t, Yt)dt + a(t, Yt)dWt2 (146) 
dXt =p (t, St, Ot) dt + o- (t, St, Ot) dWtl 
with the initial value So = so, Yo = yo and Xo = x. We assume the drift and 
diffuston coeffictents p(t, St), p(t, Yt), a(t, Xt) and u(t, Yt) sattsfy the standard 
bounded and Lipschitz condition in S and Y, 
Il(ti XI) - M(ti X2) 
12 + 107 (t, X 1) _ or (t, X 1) 12 < KI 1X1 - X2 12 
Ill(t, Yl) - Il(t, Y2) 12 + 
107(t, YI) - g(t, Y2) 12 < K21Y1 - Y2 12 
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and the spattal growth condition, 
P (t) r) 12 +I or (t, X) 12 K, (I + IX12) 
lp(t, Y) 12 + la (t, Y) 12 K2 (I + IY12) 
In this chapter, drift and diffuston coeffictents are time dependent or state 
dependent. This is a more general model assumptzon. 
We solve backwards in time from the expiry date of the contract t=T to 
t= 01 by use of the variableT-- T-t. Recalling the non-traded asset model, 
our target is to find the instantaneous price p' with terminal payoff nCT, the 
solution of equation, 
(X, pn) (147) 
where V, (x) is the solution of a one-spatial- dimensionally controlled partial 
differential equation. With '9v - aý, V, (x) is the solution of PDE, 7t -- -5 -T 
09V 
= sup[ 
09V 0 11 
(T, S-r) +I 
alv (0)2U2 (T, ST)] (148) 
19T 0 49X 2 OX2 
or av av 1 a2V 
(0*)2072 (, F, S 7-) 
o*P(T, s7-) +- 
a-T OX 20X2 
(149) 
1 a2V 
0 arg sup[ 
'V OM (T, ST) + __(0)2072(, T, S 
(9x 
2aX2 
and V, (x, p') is the solution of two-spatial-dimensionally controlled partial dif- 
ferential equation, 
av av 1 a2V 
(0)2072 (, F, S supl Of' (-F, S-r) +T 
(97 0 ax 2 19X2 
a2V 
(9v 1 
a2V 
U2 (_F, y 0, OU 
(7, s7-) or (7, Yr) +- 11 (7-, Yr) +-) (150) 
(9X(9y (9y 2 ay2 
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or 
av 
- 
av 
0*/1(71 S-F) +1 
a2V 
2072 (, F, S aT ax 2 äX2 
(0 
a2V 9v 1 a2 V 2(, 
T, y --or 1 + 
(9X(9y 
0* 1007 
(71 ST) 07 
(T, YT) + 
(9y 
jl(T, Yr) +2 ay2 T 
0* = arg supl 
(9v Oll(T, Sl-) +1 
a2V 
(0) 2 07 2 (, T, S ax 2 aX2 
a2V 
+- opor (T, s7-) 0- (T, YT) ] 
axay 
3.2.1.1 Summary of Problem Definition 
1.1-D parabolic PDE and 2-D elliptic PDE 
(151) 
It is obvious that the one-dimensional PDE (148) is a parabolic type. 
Now we want to clarify that two-dimensional PDE (150) is an elliptic 
type by checking its characteristics value. 
Consider a general second order qasi-linear equation defined by the 
equation, 
Rr+Ss+Tt= W (152) 
where p= jLz, q ax = ý. 
Lyz 
,r = 
a2z 
,t 
ý2Lz and r= a2z ; with R= aX2 ay2 axay R(x, y), 
S= S(x, y), T= T(x, y) and W W(x, y, z, p, q) - 
(a) S2- 4RT > 0, PDE resulting in real characteristics is hyperbolic. 
(b) S2 - 4RT = 0, PDE resulting in real characteristics is parabolic. 
(C) S2 - 4RT < 0, PDE resulting in real characteristics is elliptic. 
Based on this, for the 2-D PDE its characteristics value is, 
02U2 (T' ST) CT2 (, F, y (P2 (153) 
which is always negative. That means that the 2-D PDE (150) is an 
elliptic type. 
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2. Concave Quadratic Optzmtzatzon 
a2V Since ---T < 0, the maximization part is a concave quadratic function , 9X 
with respect to control variable 0. Optimizer 0* is available, 
S-r) VX 
1-D 
U2(, T, ST)VXX 
(154) 
o* 
11 (T, ST) VX 00, 
(7, Y7-) VX Y 
2-D 
0-2(, T, S7_)VXX U(, T, S -)v x 
(155) 
7x 
3. Non-hnear PDE 
Note here, the optimal control O(Vx, Vxx) or O(Vx, Vxx, Vxy) makes 
pricing PDE highly nonlinear. As we know, when the PDE is non-linear, 
the equation should be solved numerically in most cases. 
4. We compute V as well as the associated optimal strategy 0 (when it 
exists) following the backward algorithm. Since VT = UT is known, we 
recursively deduce the value function V for everyT. 
3.3 1-D controlled HJB in Explicit Scheme 
Thesis Result 4. Without non-traded assets 
When the system ts a stmple without non-traded assets model under an ex- 
ponenhal utffity assumphon, Zt can be formulated as a 1-D controlled HJB 
equation, 
ov av I a2V T7 S7 = SUP[ 01_t(T, ST) +__ (0) 2072 (156) 
09T 0 ax 2 OX2 
let Vn be a discrete approximation to In an explicit finite difference scheme, i 
V (-Fn, Xj). Then the HJB equation (148) can be discretized by a central space 
and backward hme scheme at node Vi', 
i+j + 
(6, ýn + I)V Vn+l 6. TCjtVn + 6, Ton! Vn nj max (157) OnGE) 
Coeffictents (0, Oj', ýj') are deterministic functions. Since given (Vn 1, Vn, Vn iIi-i i+ 
, Xpltcttly. we 
find on e-- 
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Thesis Result 5. Consistency and Stability 
The discretization (157) has second order space truncation error o(h2) and first 
order time truncation error o(6-r). It is easy to prove its local consZstency. 
By Von-Neumann stability analysts, the dzscretZzation (157) ts stable (i. e. 
jjVnjj < IIVOII) if it S&Z, Sfies 0<6, < _L _ h7 2a 
Otherwise, Vn would grow un- 
bounded. (h, 6T) Zs the mesh width in space and time directions. (a) Zs the 
deter-mMistic coefficient function. 
3.3.1 Discretization 
The basic idea is to model the derivatives by finite difference. When we apply 
it, the entire system must be discretized. Each reference point is a grid point. 
To establish grid points, we define f X0, X, .... i XN 
I with XN = X,,,, and 
construct on a grid, 
('Fn 
i 
Xi 
i) Ei 
f0 = To ...... FK = 
TI X f0 = XO,... lXmax = 
XNI (158) 
Xj+I - Xi =h Xi =i-h w7th ý: 0,..., N (159) 
-rn+I - -rn = 6-r -rn =n- 6-r with :K (160) 
We need to find the V value at every grid point by writing down the 
discretized form of the target equation at each grid point. Let Vj' be a notion 
of discretized approximation to V(Tn, Xj), where n denotes iteration, i denotes 
components; h and 6T are mesh width in space and time directions. We set 
n= [Vn, Vn.... 
IVn= 
[on, on'..., on ]T' 
ia local opti- V01 and 001N with each on 
mal control at node i and time level n. (. )T is vector transpose. 
There are many ways to obtain finite difference representations of derivatives. 
Central, forward, backward or other finite difference can be derived by Taylor 
series expansions. Their truncation error determines the estimation accuracy. 
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By using central space finite difference and backward time finite difference, 
partial derivative approximations are, 
ov V(x + h) - V(x - h) + o(h 
2) (161) 
09X 2h 
02V V(x + h) - 2V(x) + V(x - h) + o(h 
2) (162) aX2 h2 
t9v 
V(T + 6T) - V(T) 
-F 0(6T) (163) O-T 6-F 
The space truncation error is second order o(h 2) and the time truncation 
error is first order o(J-r). Then it is easy to prove its local consistency. 
For the first derivative in space, we let R, = max I a3V I and we have, ax-7 
lim I 
V(x + h) - V(x - h) 
_ 
aV 
I <- lim ( 
Rih 2o (164) 
h-0 2h 09X h, O 6 
For first derivative in time, we let R2 = maxI 
a2V I 
and we have, 57-T 
lim 1V(, 
T + 6-r, x) -V(, T, x) OV 1 -<- lim ( 
R26-r 
)=0 (165) 
6-r-0 Ir a-r 6-r-o 2 
By a similar analysis, if R3 = max I 
a4V 1, the consistency for the second deriva- DX7 
tive in space is given by, 
lim I 
V(x + h) - V(x) + V(x - h) o9'V lim ( 
R3h 2o 
h-0 h2 aX2 hO 12 
We also generalize the objective equation (148) by, 
(-F', Xi, Oi') - 
Xi, Oi') - 
1 
(on)2or2(T, S 
2' 
ontl (, r, S i 
(166) 
(167) 
(168) 
We can use central difference at any node and in a nonlinear optimal control 
term. In the X-direction the central finite difference scheme gives, 
na in -b 
in (169) 
i, central 
RI 
h2 2h 
,, 
n n 
ni+ 
bi 
Oi, 
central 
(170) 
h2 2h 
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The objective equation (148) is rewritten in discrete form by operator Loh, 
(, COVn), oznVnl+OnVnl_(Ozn+on)Vn iii hi ý- i ý+ ii 
n+ 3n! Vn + ýnVn 
zV I I i+ i (172) 
where 0(. ) is a deterministic control process, which is involved in the coefficient 
(a, 0, ý) . Note here, 1-D HJB equation is an deterministic control problem, 
known from Chapter 2. Then I-D PDE is rewritten with explicit control as, 
Vn+l - Vn ii 
max f 
(L6n V') 
oncE) h 
(173) 6T 
Given (Vi' 1, Vj', Vi'+, ), we find 0' explicitly. In such a deterministic control 
problem, it contains linear equations, rather than nonlinear in general. This is 
the essential difference from the 2-D case. 
Vn+ MaX 16T Ce7 Vn I+ 
6T/3in Vn 
1+ 
(6Týn + 1) Vn 
OnEE) +ii 
(174) 
3.3.2 Matrix Form of the Discrete Equation 
It will be convenient to use matrix notation for above equation. Let us define 
a (N + 1) x (N + 1) tridiagonal matrix A at time -F,, 
n* n* 
o ý30r' 
a n* n* 3n* 
An 
ce n* ýn* on* N-1 N- N-1 
oz n* n* NN 
where superscript * means that coefficients contain the optimizer control vari- 
able Oj'* at each node (T, Xj). Then, the operator is denoted as, 
(r0 vn), = 4nVn (176) 
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Note that the first and last rows of A are necessary to handle the boundary 
conditions. Also, it is a symmetric matrix. For simplicity, we rewrite the 
equation (174) as, 
Vn+ =A 
nVn (177) 
with (N + 1) x (N + 1) tridiagonal matrix A and (N + 1) x (N + 1) identity 
matrix I satisfying, 
An=6, FA n (178) 
3.3.3 Boundary/Initial Conditions 
In this section we borrow an idea from the American put option pricing frame- 
work of Clarke and Parrot (1999), 
1. At X=0, i. e. i=0 or as X -----> 0, discrete equation reduces to, 
av (-F Xo) 
= -rv (179) (9 -F 
Since we assume r=0, without loss of generalization, we have, 
v n+l Vn n=0,..., T (180) 0 
2. The second boundary condition (X --+ oc), the computational domain is 
commonly truncated at finite value X,, x. Neumann boundary conditions 
are imposed, 
a2V(Tn 
, 
Xmax) 
0, nT aX2 
The problem arises at i=N. We cannot use our difference equation 
(174) at the boundary, as we end up with a term Vk+,, which is not 
defined. So we use the boundary condition mentioned (equation (181)), 
as we know, 
i+V. 
Vn - 2Vn n i-1 
2h 
i+I =0 (182) 
77 
which upon rearranging gives at i=N gives 
= 2Vý-, - 
Vý-2 n: - (183) 
3. At T=0 contract expiry time, we set V(TO, x) = U(TO, x). 
3.3.4 Consistency and Stability of Approximation Schemes 
ConsWency 
In terms of each individual finite difference, we can see the backward time cen- 
tral space finite difference scheme has second order accuracy in space direction 
and first order accuracy in the time direction. 
Stabffity 
Since given (Vi' 1, Vj', Vj' 1), the control variable at each node Oj' can be solved 
explicitly. So under the explicit scheme, we call it explicit control. With the 
explicit control in one iteration, then 0 is constant and the nonlinear PDE can 
be treated as a sequence of linear equations. So it is possible to use the Von 
Neumann method for stability analysis. 
Use the Fourier inversion formula, 
vn 
ýT/h 
lihq 
i 
N/27r 
J-7r/h 
(184) 
where I= , 
/--I and substitute to obtain, 
irT/ hc 
lih? 7ý, n+l (71) d7l 
N/27r 1h 
lihq frn n* e- 
Ih? 7 + n* e 
Ihq + n* ) dq (185) 
v/2 1h 
where &n* = 6, FCen*; ý3n* 6, on*; n* =1- (&n* + 3n*). Since the Fourier 
transform is unique, so we have, 
frn+l(,, ) = (&n*, -Ih? 7 + 
)n*elh? 7 + ýn*)frn(. ) (186) 
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Denote g(hq) := 6z, *e-Ihq + )n*, Ih7l + ýn*, this is called the amplification 
factor (the eigenvalue of A), we have, 
V' (q) =g (hq) V'- 1 (77) [g(hq)]'ff(Tj) (187) 
then, 
IjVnI12 
77rr/ hI fn (,, ) 12 d? j -- 
7r/h 
lg(h,, ) 12n I ff (77)12 d77 (188) 
h -, Ih 
By Euler's formula and writing 0= ko, if we have Ig(O)l <, 1, therefore jjVnjj < 
JIVOIJ. So we have, 
(0) 12 11 + 6-rce(e-, 0 - 1) + 6-F, 3(e, 
o 
- 1)12 (189) 
[I + (a + 0) (COS 0 1)6-r] - (a - 0) sin 
O_T6T 12 (190) 
+ (Ce + ))2 (COS 0 1)26T2 (191) 
(46-F ) sin 
20 [(b 2 &T - 4a 
2 
6T) 
sin 
20+ (2a -b26, r) 
1 (192) 
h2 2 h2 2 
if, 
b 26T 2 
6F 
2< 4a 
2 
- 4a ý2 <' 0h b2 (193) 
2jT <0 
2a 
2a -b 
6T < 
'V 
thus Ig(O)l <- 1. Then JIV'11 < ýýVojj and the scheme is stable if, 0 <, h 2a' 
otherwise, V" would grow unbounded. 
3.4 2-D controlled HJB in Crank-Nicolson Scheme 
Thesis Result 6. With non-traded assets 
When system contains a non-traded asset, it can be formulated as a 2-D con- 
trolled HJB equation as, 
ov ov I 02V 
(0) 20r2 (Tj S7 
= SUP[ OIL (T, S-r) +- OT 
0 
ax 2 j9X2 
a2V av 1 a2V 2y Opu(, r, S, )b(, F, Y, )] +a (-r, Yr) +-b r) (194) 
(9X(9y OY 2 ay2 
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In the Crank-Nicolson scheme, let be a discrete approximation to i'i 
V(T,, Xi, Yj). The HJB equatton (194) can be denoted by, 
Vn: +l + 
6T 
on+l* 
6T 
fron* Vn nVn I Vn+l n+lVn+ll = Vn + 
21h, k ij+ 
Lk 
i2h, k + 
Lk (195) 
where operators, 
LO Vn. n Vn 
i +on 
nj,, +, ý, ýz. Vn,, j+, + 
nVn 
,j = aij +i ýyi i 
(196) hkI, j i jv 1,3 + 
+(n Vn j 
'nVn 
i+ i-l, j+l ij ý+l 1 ij (197) 
(, n 
i, j + 0! 
1. + 'n + on ) Vn i, j 1,3 ij ij ý (198) 
n Vn n ý! i. Vn nVn i 1+1, j 
+ i+j i =a ij ý _I, j 
+ on Vý j+l+'/ii 
(199) 
ij IJ - 'j-1 
(n Vn i (. 
nVn n 
i_l, j+l + ýn V + ij ý+lj-l + i1i i1i i li 
(200) 
nVn 'n Vn n i, j i L ij = aij . _1 
+ ý3'nV,, j+1 
(201) k ij 
'n*, ,! i* Coefficients (a'ý fflý ý7ý, contain the control variable 0, ij 1 1,31 Ij 7ij -, ýJj J 
whichmakes discrete equations highly nonlinear. We employ backwards Newton 
fferation to solve it by, 
-1 OR' (ý)-'Rl 
Ovi 
(202) 
where Vl is an initial guess on each iteration; Rm the residual function of 
discrete equation. (-)-l is matrzx inverse. 
Thesis Result 7. 
The finite difference treatment of the mUed-derWahve term Vxy uses the cen- 
tral apprommation formula. There are two available appronmahon formulas. 
One Zs pven by, 
02V III 
- == -V(x-h, y-k) - V(x, y) + -V(x + h, y+ k) (203) axay 2hk hk 2hk 
the other ts pven by, 
O'V V(x+h, y+k)+V(x-h, y-k) 
09xo9y 4hk 
(204) 
_V(x+h, 
y-k)+V(x-h, y+k) (205) 
4hk 
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we show that the first approximation formula (203) is not consistent as the 
space wtdth goes to zero. To overcome this problem here, we use the second 
formula, Thzs means, the truncatton error is o(h2, k2). 
Thesis Result 8. 
In each tZme step, a Newton iteration is performed. A second norm of f7l+l - f7i 
is the measure of local convergence. 
llfrl+l 
_ 
f, 1112 
:: ý 6 (206) 
where E Zs a given convergence tolerance. We Set E= 10-6 m thts chapter. V1 
is one guess on each iteration. When the local convergence satisfies a given con- 
vergence condition, V+l is the output as the soluhon Vn+l of a HJB equation 
which is in matnx form, 
Pn+lvn+l = mnvn (207) 
By numerZcal tests, our algorithm conducts a quZck convergence. During an 
iteration f71+1 _ 
f/1 11 2 reduces by around 10-3. Local convergence ts achzeved 
after no more than 3 Newton iterations. 
3.4.1 Discretization 
When the system includes a non-traded asset, the HJB equation becomes a 
2-D case. This section considers numerical solution of the 2-dimensional HJB 
equation by a Crank-Nicolson finite difference technique. The finite difference 
approximation is constructed on a grid, 
(7nixi7yi) G 
ýO - -ro ...... rT - 
TI X t0 ----1 
XOý 
---ý 
Xmax XNI X tO:: -- y0i ... 1 
Ymax YNI 
k Yj =j-k wZth ': 0,..., N (208) Yi+l -i3 
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We assume that at timeT= -r,, the approximate point value Vj', = V(T,,, Xj, Yj). 11 
Where h and k are grid widths. 
Applying finite difference to the y-derivative, some partial derivative ap- 
proximations are, 
ov V(x, y+ k) - V(x, y- k) + o(k 2) (209) 
09Y 2k 
02V V(x, y+ k) - 2V(x, y) + V(x, y- k) 
igy2 - k2 
+ o(k 
2) (210) 
The derivatives VX, Vy, VXX, Vyy just use the central approximation formula. 
The treatment of the mixed-derivative term in PDE (203) is described in the 
following, 
a, v 1 
-[V(x- h, y- k) - 
av (9v V(x, y) +h- +k (211) axay 2hk ax OY 
1 
+-[V(x + h, y+ k) - V(x, y) - 
av av 
h- -k (212) 2hk (9x OY 
12 a2V 2 a2V 2 a2V [h -+k +h 
2 
a2V 
+k 1 (213) 4hk 19X2 ay 2 aX2 19 2 
-1 V(x-h, y-k)- 
1V (X, y) (214) 2hk hk 
+1 V(x + h, y+ k) 2hk 
(215) 
It requires slightly more work, since it is not consistent as the space width 
goes to zero. We show this in the following expressions, 
lim I 
V(x + h, y+ k) - 2V(x, y) + V(x - h, y k) 02V 
h, k-0 2hk axo9y 
<'- lim 
Ih2 02V 
+k 2 
02V 
(216) 
h, k, O 2hk j9X2 ay2 
We introduce e=hVk and R4 = maxl 
a2V 1, then obtain, --T ay 
12 02V 
2 
02V R3 + R4 
lim Ih -+k < (217) - aX2 5-y2 
i' 
h, k, o 2hk 2 
To overcome this problem, we approximate V ,, y 
by applying the x-derivative 
approximation for VX, then applying the y-derivative approximation to the 
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previous approximation. That is, 
Vx Y- 
V(x + h, y) - V(x - h, y) 
2h 
V'(x + h, y+k) -V (x - h, y+k) V(x+h, y-k) -V(x-h, y-k) 
2h 2h 
2k 
V(x + h, y+ k) + V(x - h, y- k) 
4hk 
V(x + h, y- k) + V(x - h, y+ k) 
4hk 
If we let R5= maxj 
aV4 I 
and R6= maxj 
qV 4 1, we have, 3 -. 9 y aXay3 
R lim I 
V(x+ h, y+k) +V(x- hy- k) 
kkýO 4hk 
V(x+h, y- k) +V(x- h, y+k) av 
4hk (9xOy 
R< lim 
1 Ih 2_ 
OV4 
+k2 
OV4 
0 
h, k'--o 3 aX3ay aXay3 
Now the truncation error at (i, J) mesh point is o(h 2, k 2) for all (i, 
(218) 
(219) 
(220) 
(221) 
(222) 
(223) 
(224) 
Let Oi'j denote the vector of optimal controls at node (i, A, time level 
n and set, 
(ozý,. )20-2(-r, S 
2j _r) 
(225) a (-F, Xi, Yj, Oi', ) =1 
2, 
(226) b(-FXi, Yj, Oi', ) Oi'. ti(-r, S, ) j ZJ 
0 ýn n-(, F, Sr) or (7», y C(7-n i 
Xi 
i 
yi 
ý i'') 
oi. 00 7_) (227) ij 
12(, 
F, y-) d (-rn, Xi, Yj 
2u7 
(228) 
P- (Fn, X i, yi 
) 
---:: m(7-, Y-r) (229) 
We can use central differencing at any node. 
In the x-direction the central finite difference scheme gives, 
an- b'i' - n i, 3 1,3 (230) Uij, central h2 2h] 
n 
oin aij + 
ni'i 
, 3, central h2 2h 
(231) 
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In the y-direction, the central difference scheme gives, 
dn eýl ý 
ai n 
i, J 2,3 
J, central k2 2k] 
(232) 
,n 
q/n ,3] ij, central 
+_ (233) k2 2k 
n 
2"3 ,n nnn Tý =, ýn (0jt ++ 0z'n + O'n Moreover, yi, j i'j 
t 1,3 
4hk '! ij = li 4hk i'i Zj Ij ij ij 
Set in this part of the chapter, 
£0 Vn n Vn n ji. Vn 
ii i+J, j +i I, j + jýI. V - ce (234) hk j ij zil ij +I, i+l 
+ _, it, 
nn (in Vn 'n Vn 
i+ (. i (235) Vi - 1, j-i +.: 1, j-i + ; -1, j+l jj iJ 
_(0jt. + on, + oz'n + oin in. tli 2,3 ij j) 
V 
13 
(236) 
n Vn 1, j + jýt. Vn j + Y! t. Vn 1, j ++i, j 
n Vn j - ozi, j i Z, 3 i+ i+ ýyi i 
(237) 
+(in n 1, j 
'n Vn j+I + ý! i Vn iii (238) , jV ++ 
(ij i 
nVn 'n Vn n 1n. ij -j+O, 
L ij oz 
(239) k ij 't, 3 y 1,3 + 
It is known that the Crank-Nicolson scheme is unconditionally stable in the 
linear case. Thus if we expect solutions without steep gradients, it is possible to 
choose the standard well-known Crank-Nicolson scheme. The Crank-Nicolson 
implicit method is better than explicit method, because it is stable for all time 
steps. 
In a Crank-Nicolson scheme, the backward time central space scheme with 
optimal control variable 0* is given by, 
V. nýýl _ Vn. 't, ] 
11£07'+1*Vn+l 
n+lVný+II +1 t£on*Vn Vn 1 
d-r 2 h, k i+ 
Lk 
i2h, k ij + Lk ij (240) 
Vný+I + 
67-on+l* 6-r 
ý£on* Vn 
i 1, Tn+I 
n+lVn+II = Vn +i nVn ii i h, k j+L 2 -h, k z, j 
+ Lk 
2jk ýj 
(241) 
and the optimal control variable should be, 
Oý'tl* = arg sup (Lor+'1, '-, n+' (242) Zli on+l h, k 'ij 
) 
i, j EG 
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3.4.2 Matrix Form of the Discrete Equation 
Now the nine points finite differe,. 
isl 
. 'rý*Vn 
n* Vn 
/n*Vn 
L76 i- I 'j-, 
nce stencil 
1 P, n. NJ vij +I 
ýýiýVn 
113 iJ 
'n 1, rn. ai, j , j, j -I 
D, t an interior grid poilit(Tn, Xj, Yj) 
n*Vn ^(i, j i+l, j+i 
V: n 
Vn 
We can use the approximations to the derivatives obtained above to replace 
the individual terms in PDE (203). V is a vector of length (N + 1)2. M and 
P are (N + 1)2 X (N + 1)2 block matrices, 
Ao Bo 0 0 0 
C, A, B, 0 0 
M= 0 0 
0 0 CN-1 AN-, BN-1 
0 0 0 CN AN 
Do Bo 0 0 0 
C, D, B, 0 0 
P- 0 0 
0 0 CN-1 DN-1 BN-1 
0 0 0 CN DN 
where V-V 
[ 
00 VIO 
T. VN-1, N VN, N 
I 
Here ( . )T is matrix transpose. 
Each element matrix of the main diagonal is defined as a tridiagonal matrix 
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and an (N + 1)2 X (N + 1)2 identity matrix 1, 
n* /qn* O, N týO, N 
a n* n* n* 
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1, N I, N 1, N 
2 
ýn* on* 
O, N ON 
ozn* n* N-1, N Gn*-I, N 13N I, N 
a n* n* N, N G, N 
ce n* n* 3n* I, N 1, N i, N 
DN =I--.... 2 
ce n* n* on* N-1, N G_ I, N N-1, N 
ce n* n* N, N G, N 
Each element matrix of the first diagonal above the main diagonal is defined 
as, 
)3 
/n 
- 
ly n* O, N I 0, N-1 
ln* 'n 
57 
(1, 
N-1 
Bn N-1 2 
n* Y1, N-1 
ln* O'n n* (N-1, 
N-1 N-1, N-1 Tý-I, N-l 
ln* n (;, 
N N, N-1 
Lastly, each element matrix of the first diagonal below the main diagonal is 
defined as, 
in n* aO, N 
(Or, 
N 
7/n* ce 
/n* n* 
I, N 1, N 1, N 
on 
6T 
'--'N 2 
,, 
/n* 
ce 
/n (n* 
1, N N-1, N N-1, N N- 
ln* 'n 
71ý, N aN, N 
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Please see Figure 4 for the diagrams. 
Now the HJB equation (203) becomes, 
pn+lVn+l - MnVn 
We define a similar block matrix Aý and P, 
Ao Bo 0 0 0 
01 A, f3i 0 0 
-Al - 0 0 
00 ON-, AN-1 i3N-1 
000 ON AN 
Do Bo 0 0 0 
Ol 1), f3i 0 0 
0 0 
0 0 ON-1 -f)N-1 
bN-1 
0 0 0 ON bN 
(250) 
where we let the element matrix of the main diagonal be JA ... 
I =: fA ... 
I and 
ID 
... 
I =: fD... 1. Regarding the element matrix of the first diagonal above 
the main diagonal lb ... 
1, we set its main diagonal all equal to zero, (this has 
no special mathematical meaning, it is just for numerical calculation). 
n* 0 'YO, N-1 
In* 0 (1, 
N 1 
BN-1 
n* 
fn* 0 n* (N-1, N-1 '-YN-1, N-1 
; /n 0 
, 
*N-1 
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Nine points finite difference stencil at an interior grid point: 
V(x-h 
V(x-, h 
V(x-h 
, Y+k) 
M 
V(x-h, y-k) V(x, y-k) V(x+h, y-k) 
M and P are block matrices: 
N+l 
N+l 
N+l 
N+l 
N+l 
N+l N+1 N+l N+l N+l 
\ 
'' 
___ 
___ ___ 
____ 
___ 
____ ____ 
___ 
'... 
'S: 
Initial and boundary conditions: 
vrx(Max), 0,1 
X( 
Y(Max), tj 
Y, Tj 
vp, 0, ti V[X, 0, t) vp, Y, t] 
Figure 4: Diagraphs: (1)nice points finite difference stencil (2)M an P block matrices 
(3)initial and boundary conditions. 
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Similarly for the element matrix of the first diagonal below the main diagonal 
fc 
n (T 
0, 
*N 
, Y/n* n* 
67 
l, N i, N 
ÜN 
2 
In* 0 n* N-1, N 
(N-1, 
N 
/n* 0 N, N 
By splitting matrix 1ý =M- Aý and Q=P-P, which M and P; M and P 
are defined above. Now we can rewrite the HJB equation (203) in matrix form 
as, 
pn+1(0*)Vn+l +Q n+lvn+l = M^ n(o*)Vn + NnVn (255) 
arg sup [M (0) V] (256) 
0E8 
Therefore, this problem is solved iteratively fromT= 0 until T= T. For 
every period T, taking as given the previously solved 0, _ 1 
by the second equa- 
tion. Note that this iteration is well-defined since VO is known at maturity, and 
that V, is F, -adapted. Note also there are two iterative processes, the first is 
the value function V=I Vo, o 7 
Vo, 1 VN, NI; the second is the optimal control 
process 0= fOO, O, 00,1, ---, 
ON, N I- 
Boundary /Initial Conditions 
The domains for X, Y are [0, X,,,, ] and [0, Y,,,, ]. The domain for t in the 
problem is [0, T] - Boundary conditions are needed at 
X=0 and Y=0, as 
1,, n+l Vn 0 and Y -* 0 tend to zero the mesh is refined. We have, Y O, j O, j X 
and V' with n =: 0,..., T. And the second the computational do- 'i, O i, 07 
main (X oc, Y --+ oc) is truncated at finite values Xmax, ymax respectively. 
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Typically, Xlnox, Ymax are set to twice their mean value. 
a2V(7», Xmax, Y) 
- 0, Vy Ei [0, Ymax], 7- C [0, T] (257) aX2 
a2V(, T, X, Ymax) 
-0, VXC[OýXmax]ýtC[0, T] (258) ay2 
or at i, j' =N gives 
n Vk, 
j - 
2Vk-,, 
j - 
17' 
'N-2, j n: = 0,..., T 0,..., N (259) 
Vn - 2Vn Vn 
-2 n: =0,..., T i: =O,,.., N (260) i, N-1 i, N 
AtT= 0 contract expiry time, we set V (TO, x, y) - U[x, C(y)]. U is an arbitrary 
defined utility function. In the non-traded asset model, the contingent claim 
is written on the non-traded asset. We use C(y) to denote a general payoff 
function of European type contingent claims. It can be a call option with payoff 
function C(y) == (y-K)+, or a put option with payoff function C(y) =: (K-y)+ 
or basket call option with payoff function C(x, y) = (x +y- K)+ or basket put 
option with payoff function C(x, y) = (K -x- y)+, etc. 
3.4.3 Solution of Discrete Equations 
Here, we try the Newton iteration method to solve the finite difference equation. 
In the Newton iteration method, under the Crank-Nicolson grid assumption, 
the control variable can not be solved explicitly. We call it an implicit control 
problem. The differentiable residual function is, 
Rn+l (Vn+l; 15n+l) = p^ n+l (o*)vn+l + ýn+lvn+l_Mn(o*)Vn-NnVn (261) 
we have, 
OR n+ 1 (vn+ 1; fDn+ 
igVn+l 
i9R"+' o9Pn+l vn+l + fDn+l + ýn+l 
, gpn+l jqVn+l 
(262) 
In each Newton iteration, given V', we need to evaluate V1+1 by an initial 
guess such as VO = (Vn+l)o =:: Vn. Starting with V1 as the (1) estimate for 
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(V'+')', we update the guess by Newton iterations till a given convergence 
tolerance is reaching. 
)-lRl 
where (-) -' is matrix inverse. 
Then the algorithm can be given as, 
Let (Vn+1)0 - Vn 
Let V1 = (Vn+1)1; 
For I-0,1.... till convergence; 
Solve above equation; 
If 11-V1+1 _ V1112 <a given tolerance then quit 
EndFor 
where 
(263) 
RI [(Vn+1)1; (IDn+1)1] = [, 
6n+l (0*)]l [Vn+l]l 
+[ýn+l]I[Vn+1]1-1(ln(o*)Vn-fýnVn (264) 
Rl (IV'; P) == P (0*) f7l + ýlf7l _ Aýn(o*)f7n _ ]ýnf7n (265) 
and 
aRl o9P' - ývl + 
pi + ýl (266) -ap^ 1, gvl 
a)51 
T 
ý+ 
P1 + (267) 
avi 
where (-)' is matrix transpose. Furthermore, 
aDl aB 0 
avi avi 
aII cl abi 
571 av, 
0 
00 
00 
000 
a f3l' 00 
avi 
aü, ab, 
N-1 N-1 
alýN, N-1 
- - - a 771 -1 v- - -1 57V 1 
ÜN' 
- - 
bi 
N 
_ - ä fvl l ä7V 11 
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and 
- aei 0, N --iv-i 
(9cel l'N 
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3.4.4 Convergence 
As we known, the accurate solution of the HJB equation is a viscosity solution. 
Its numerical convergence to the viscosity solution has been intensively studied 
by many scholars. The fundamental result for the convergence of the numerical 
scheme for HJB equation (fully nonlinear degenerate equation) is due to Barles 
and Souganisdis (1991). They conclude that a consistent, stable and monotone 
approximation scheme converges to the viscosity solution. We will prove that 
our Crank-Nicolson finite difference scheme combined with a Newton-iteration 
satisfies consistency, stability and monotonicity in the future. 
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3.5 Certainty Equivalent Value and Indifference Price 
Recalling that the value function is a martingale under optimal control. If 0* 
denotes the optimizer control, we can rewrite the value functions as, 
Vt EP[U(XT(O*)) ý Xt] (without claims) (272) 
vc(x, n) 
tp - Ep[U(XTC(Oc*) - nC(YT)) I 17t] (with claims) (273) 
Inspired by Grasselli (2004), we introduce a notion of the certainty equivalent 
value for the contingent claim C at time t as the process BtC : R+ xR ---+ R as, 
Bc(x) == x- U-'[Vtc(x)] (274) t 
it satisfies the equation, 
C c* U[x - Bt' (x)] = VtC(x) = Ep[U(XT (0 )- nC(YT» 1 Ft] 
(275) 
When we set the contingent claim C=0, then the problem becomes the 
classic Merton optimal control problem and we denote the certainty equivalent 
value by BO satisfying equation, t 
U[x - BD(x)] = Vt(x) t (276) 
here U is a defined utility function. x is the given wealth; p' is the indifference 
price for n units of contingent claims, which is defined to be the solution to the 
V t(x) = VC(X, pn). From the definition of the certainty equivalent equation, t 
value, we see that this equation is equivalent to, 
U[X_Bo(x)] = U[X+pn-BtC(X, pn)] (277) t 
pn = BC(x, pn)-Bo(x) (278) tt 
U-1 [V t(x)] _ U-i[VC(X, pn)] t 1 
(279) 
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3.6 Greeks/ Sensitivity Analysis 
Greeks in Quantitative Finance refer to the sensitivity of option price to impor- 
tant pricing variables. For example, delta means the sensitivity of the option 
price to the price of the underlying asset; gamma refers to the sensitivity of the 
option price to the underlying asset's extreme fluctuation; vega is the option 
price sensitivity to the volatility of the underlying asset. For utility indifference 
pricing, we also include the sensitivity of indifference option price to correla- 
tion between the traded asset and the non-traded asset; and the agents' risk 
aversion. Greeks are widely useful and important to traders, risk managers and 
accountants in financial institutions or in corporate finance. 
Since analytical sensitivity analysis approach is not available, the numerical 
approach of sensitivity analysis is considered for implementation. We develop 
the discretized HJB controlled equations to be implemented within either an 
explicit or an implicit scheme. So here we present a numerical sensitivity 
(Greeks) analysis that can be applied to both numerical algorithms. The util- 
ity indifference price is given by, 
p =, U-I[V(X)l - U-'[V(x, p)l (280) 
We use Vega as an example. The same principle is applied to design other 
important Greeks. 
09P OU-'(V(x))09V(X) OU-'(V(x, p))av(x, p) v=--- (281) 
19a 09V(X) 09or Ov (X, A acr 
3.7 Numerical Example 
Our algorithm uses the C++ Standard Template Library (STL) programming 
with an open resources matrix package. We demonstrate the effectiveness and 
convergence of algorithms through numerical tests. We compare the analyti- 
cal solution with the numerical solution under an exponential utility function 
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assumption. This is a good example, implemented within both explicit and 
designed Crank-Nicolson finite difference schemes. 
An exponential utility is given by, 
VO(X) - C2e-Clxi Cl < 01 C2 < Oý (282) 
In Chapter 2, we show that when an agent has an exponential utility function 
and the underlying assets are driven by geometric Brownian motions, the utility 
indifference price of a European type option has the analytical solution. Its 
valuation function as an intermediate has the exact solution as, 
1. (With claims) 
Vt (X, P') = C2 e 
C, (X +pn) f EQ f exp [CI (ý02 _ 1)nC(YT) 
2(l 
_ p2) Pt 
2 T] I Ftll(l 
' 
p2) (283) 
2 O-t 
2. (Without claims) 
12 
Vt(x)=C2e"(x)exp[- -11tT] (284) 20-2 
t 
The writer price of a European type claim written on a non-traded asset is 
given by, 
nI- InEQfexp[Cl(p2 _ 1)nC(YT)l I ýFtj (285) Pt - C, (p2 - 1) 
where EQ(. ) is an expectation with respect to an R6 process, 
dYt = (atYt -- 
ppt bt Yt )dt + btYtdWtQ (286) 
at 
All notation is explained in the introduction section of this chapter. 
We look for the solution at time T=0 and state at S- 10, Y= 10. 
Numerical inputs are given in Table 5. 
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Numerical Test Parameters 
Expected return of traded asset [it 0.05 
Expected return of non-traded asset at 0.1 
Volatility of traded asset at 0.2 
Volatility of non-traded asset bt 0.4 
Current price of traded asset St 10 
Current price of non-traded asset Yt 10 
Call option strike price K 9 
Time to mature (days) T 10 
Number of contract n I 
Risk aversion C, -0.2 
Risk aversion C2 -0.05 
Convergence Tolerance E 10-6 
Table 5: Numerical inputs of the finite difference algorithm test 
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European Options Payoff Functions n Pt 
0 Vt W n) vtc(xlp 
Call Option max(YT - K, 0) 1.01481 -0.006761 -0.008284 
Put Option max(K - YT, 0) 1.0232 -0.006761 -0.0082963 
Basket Call Option max(ST + YT - K, 0) 11.0138 -0.006761 -0.061187 
Basket Put Option max(K - 
ST 
- YT, 0) 10.9861 -0.006761 -0.060848 
Table 6: Indifference prices and value functions of European options by Za- 
riphoupoulou (2004) 
By Zariphoupoulou (2004), analytical solutions of value functions and 
indifference prices of European options are given in Table 6. We set strike 
prices K=9 for call options; K= 11 for put options; K=9 for basket call 
options and K- 31 for basket put options. We list the utility indifference price 
in column 3: p; the value function of without claims case in column 4: VO tt 
and the value function of with clams case in column 5: Vtc(x, pP). We note 
here, the value function VO(x) keeps constant through different cases. We use t 
Table 6 as the benchmark for comparison with the numerical solution obtained 
L -- Dy our algorithms. 
To test our algorithms, we solve problems within an uniform grid. We 
take 50 nodes in x-direction and y-direction; and take 50 time steps. The two 
algorithms were presented explicitly in the former sections. When the system 
has no non-traded assets, the HJB equation is a I-D linear PDE (148), which is 
implemented by a backward time central space explicit finite difference scheme, 
satisfying a stability condition 0 <, - V67-- 
<, 1. When the system contains non- 2 2a 
traded assets, the HJB equation a 2-D nonlinear PDE (150), implemented 
by 
a modified Crank-Nicolson finite difference scheme. From Table 7, we can see 
that the numerical results are very close to their analytical solutions. 
When we calculate value functions in our modified Crank-Nicolson scheme, 
we recorded the local convergency of the Newton iteration. 
We set different 
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European Options Payoff Functions Pt vo (X) t VtI (X, pn) 
Call Option max(YT - K, 0) 1.01486 -0-00676098 -0.00828245 
Put Option max(K - YT, 0) 1.02326 -0.00676098 -0.00829638 
Basket Call Option 
- 
max(ST + YT - K, 0) 11.0264 -0.00676098 -0.06134096 rB 
asket Put Option max(K - 
ST 
- YT, 0) 10.9875 -0.00676098 -0.06086559 
Table 7: Utility indifference prices and value functions of European options by the 
finite difference algorithm 
time steps as difference testing scenarios. These are 50,100 and 150. Based on 
the result of Table 8, we can see that our algorithm locally converges quickly. 
When we set a convergence tolerance E= 10-6 in the test, the value function 
locally converges no more than 3 times Newton iterations. During each time of 
iteration, the value of IJV1+1 _ V1112 is reduced by 10-3, showing a good local 
convergence result. 
7 Iteration IT 1+1 -V1 11 2 
time step times ist 2 nd 3 rd 
50 2 0.000250282 2.83232e-007 
100 3 0.00058386 1.611le-006 1.1586le-009 
150 3 0.00097654 5.62169e-006 7.95922e-009 
Table 8: Local convergence test of Newton iteration 
3.8 Further Work 
Comparing with PDE based method, finite difference method makes the prob- 
lem resolvable. But when high-dimension issue occurs, it leads to an expo- 
nentially growing matrix. That is, the size of coefficient matrix A will be a 
nnx nn. Without any improvement, it is a large requirement on computa- 
tional resources. We will try to improve it by less grid points generated, or 
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try to test other important numerical methods such as Monte Carlo and a tree 
model. 
In the future, to improve the speed and accuracy of the previous numerical 
algorithm, we will also try to test a nonuniform grid. As we know, normally a 
nonuniform grid can improve the efficiency of discretization, gaining the desired 
accuracy of the solution with a fewer grid points. The truncation error for un- 
evenly spaced points is not as high as for the evenly spaced point distribution. 
The grid can be nonuniform in space, in time or both in space and time. The 
spacing will be different in the two directions. We present the derivation of 
these expressions here, 
hd - xi - xi-1, h,, - xi+l - xi, kd =:: z yj - yi-1) ku - yi+l - yj 
Some partial derivative approximations are, 
Ov 
ox 
ov 
OY 
alv 
aX2 
a2V 
ay2 
V(x + h, y) - V(x - hdi Y) 
(h,, + hd) 
V(x, y+k,, ) - V(x, y- kd) 
(k,, + kd) 
V(x + h, y) - 2V(x, y) + V(x - hd7 
h,, hd 
V(x, y+k,, ) - 2V(x, y) + V(x, y- kd) 
k,, kd 
(287) 
(288) 
(289) 
(290) 
(291) 
The treatment of the mixed- derivative term in PDE is described in the follow- 
ing, 
a 2v I (V(x - hdi Y-k d) - V(x, y) +h 
OV 
ýd 
av d 
ax +k ay axoy 2hdkd 
12 
-h 
02V 12 02V 
- -- -k 
2 
a2V 
hd 2 
a'V 
kd - 
2U uý Y2 ý7X2 2 (qX2 2 
5y 2 2 
+I (V(x + hu, y+ ku) V(x, y) k h - 
hu 
av 
- ku 
av 
19X OY u 2 u 
V(x - hd)Y - kd) -1 ýh- + k 
)"") 
k ý-h- 2 h, 4 L, d d u u -, -u -- 
V(x + h, y+ kd) 
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Then, we can use central differencing at any node. 
In the x-direction the central finite difference scheme gives, 
2an h,, P- 
anZ, j 10 ij, central hd (hd + h, ) hd (hd + h, ) 
2an h 
i, j db 
n 
ij central h, (hd + h, ) + h, ) 
In the y-direction, the central difference scheme gives, 
fn 
ij, central 
3 'n 
i, j, central 
M'. 
z 13 
kd (kd + ku) 
2d n ij 
ku (kd + ku) 
k,, Cn ij 
kd(kd + k,, )' 
kn dei, j 
k,, (kd + k,,, ) 
(292) 
(293) 
(294) 
(295) 
We suggest nonuniform grids may give better results than uniform grids in the 
future. 
3.9 Conclusion 
In this chapter, we study numerical solution of utility indifference pricing in the 
non-traded asset model. It can be generalized as an optimal stochastic control 
problem in option pricing. However, several important concepts like certainty 
equivalent values and indifference prices, are unique to this model. We seek to 
bridge the gap between the theory of a general utility indifference pricing and 
the numerical implementation of that theory. 
We discretize one- and two- dimensionally controlled HJB equations, intro- 
duce two new flexible finite difference schemes. (1) The explicit finite difference 
scheme: it is applied to the linear control problem, using Von-Newmann sta- 
bility analysis, the discretization is stable if it satisfies a certain condition, oth- 
erwise, it grows unbounded. (2) The Crank-Nicolson finite difference scheme: 
it is applied to the non-linear control problem, which is implemented by using 
a Newton iteration to solve the implicit control discretized equations. 
Both algorithms are set up by realizing the theory of a general utility in- 
difference pricing in a broad market models. For example, problems involving 
100 
modeling exotic options can be easily included in our framework in principle. 
Other important topics like sensitivity analysis, can be easily produced. 
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CHAPTER 4 
4 Interest Rate Risk Management in Non-Financial 
Firms 6 
In spite of the significant impact of a fixed-floating decision about interest 
rate risk management on overall firm performance, this strategic decision has 
remained largely unexplored. In this chapter we consider the appropriate fixed- 
floating strategic decision for non-financial firms under conditions where its 
operational cash flow is measured by EBITDA 7 and is correlated to the interest 
rate. We find that an optimal fixed-floating mixture balances the value of the 
tax shield from debt against the increased risk of financial distress, bankruptcy 
and interest costs. Knowledge of the manager's risk appetite and the dividend 
payout rate play less important roles in such decision. This result has not 
been presented by other papers. In the base case we consider the static fixed- 
floating decision from a strategic angle by using mean-variance theory for a 
simple one-factor and one-period model. Furthermore, we extend the approach 
to a dynamic model. In the dynamic case, we specify a stochastic process to 
capture the seasonality characteristic of EBITDA's future behavior, this works 
well with the real data. We then introduce dynamic programming to analyze 
the fixed-floating decision. 
6 This work was developed during my Ph. D. research at Cadbury Schweppes London since 
2006 to 2008.1 was inspired by JP Morgan and Bank of America ALM analysis for Cadbury 
Schweppes. 
7 Earning before interest, tax, depreciation and amortization of goodwill: in respect of any 
relevant period, group operating profit plus amortization of goodwill pulse major restructuring 
costs plus impairment charges but excluding: exceptional items, to be extent included 
fair 
value investments, actuarial gains and losses arising in respect of pension schemes. 
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4.1 Introduction 
Academically, corporate financial hedging is considered to be important. How- 
ever the financial risk management in non-financial firms is rather limited in 
practice. To our knowledge, few non-financial firms in London have an individ- 
ual financial risk management function under their Treasury department. It 
may be due to few regulatory requirements or lack of senior managers' atten- 
tions. Risk management is one of the important corporate finance divisions. It 
integrates with other divisions to create value for investors. We concentrate on 
the interest rate risk management in non-financial firms in this chapter. Inter- 
est rate risk is the risk of fluctuations in value (or cash flows) due to changes 
in the market interest rate. Any transaction that affects the firm's position at 
a given future time point results in an interest rate exposure. 
In recent years, we have seen a dramatic increase in the use of debt fi- 
nancing through either long-term or short-term borrowing. We have seen high 
volatility in the interest rates; and an increase in the number of highly lever- 
aged transactions such as management buy-outs. Thus we need to develop our 
understanding of risks and opportunities to the firms. The financial market 
provides cheap financial instruments, encouraging many firms to use derivative 
products such as swaps, futures, options and forwards to manage their financial 
risk easily. Interest risk management is not purely about managing the interest 
expense in the profit and loss account; it is about the whole strategic profile of 
the business, including the interest expenses forecast, maturity management, 
currency mixture management and the fixed-floating mixture decision. 
In this chapter, our research focuses on the strategic fixed-floating mixture 
decision. We consider the hedge ratio of the fixed-floating strategy decision 
in 
non-financial firms under certain conditions where its operational cash 
flow is 
measured by EBITDA and is correlated with the interest rate. 
A number of 
techniques are available to design this optimal hedging strategy. 
Depending on 
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the firms' business complexity, the techniques range from simple calculations to 
static optimization to sophisticated dynamic modeling that reflect the potential 
business decisions. In the base case we consider the static fixed-floating decision 
from a strategic angle by using mean-variance theory for a simple one-factor 
and one-period model. In the dynamic case we specify a stochastic process to 
capture the seasonality characteristic of EBITDA's future behavior8. We then 
introduce dynamic programming to analyze the fixed-floating decision9. 
The non-traded asset model is built on the classic Merton investment de- 
cision model. It extends the Merton model to a double stochastic processes 
problem. One of the advantages of the non-traded asset model is that it gives 
an explicit identification of the hedge position. We investigate its straightfor- 
ward application to the fixed-floating mixture decision problem in the dynamic 
case. Two stochastic random variables are included in the system. One is 
EBITDA that is driven by a given dynamic process. The other is the spot 
interest rate that is driven by a conventional stochastic differential equation 
(SDE). Our model incorporates business and interest rate activity over time 
as two correlated stochastic processes, and a fixed-floating hedging ratio as the 
dynamic control variable. 
The structure of this chapter follows, 
Evaluate business operational activities 
Unleveraged firm values are intensively used in capital structure research. 
To overcome some important difficulties, we employ EBITDA as the mea- 
sure of business operational activity. It is the first random factor con- 
tained in the system. 
Identify interest rate exposures and Determine impact of mterest rate on 
8This work is inspired by the temperature process modeling, since both the temperature 
and EBITDA processes all have strong seasonality characteristics. 
9This work is inspired by the research on indifference pricing European option 
for a non- 
traded asset model. 
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business operattonal actzvztzes 
We identify interest rate exposures from both liability and assets dimen- 
sions. Spot interest rate is the second random factor contained in the 
system that is correlated to EBITDA dynamics. We use bivariate cor- 
relation to determine the impact of interest rate on business operational 
activities. 
DesZgn optimal hedging programme 
In the base static case, we present an explicit optimal hedging ratio solu- 
tion. In the dynamic case, only the implicit optimal hedging ratio solution 
is available. Numerical tests are considered at the end. 
4.1.1 Motivation and Some Results 
The aim of this chapter is to develop a model of the use of financial instru- 
ments in the strategic fixed-floating mixture decision in non-financial firms. It 
provides some theoretical evidences and demonstrate the hedging of financial 
risk, optimizing between risk and yield. 
We include fixed-floating strategic decision under the non-traded asset 
model framework, treat EBITDA as a non-traded asset, and use a traded 
assets such as an interest rate product to manage unhedgeable risk. To 
our knowledge, this role of a non-traded asset model in this application 
has not been explored before. 
We start the analysis with a static model. An explicit solution is derived 
under the discrete time setting. We then extend it to a dynamic model. 
An implicit solution is given as a general solution. Some original results 
are found from its numerical test at the end. 
e In the dynamic study, we introduce a dynamic process to estimate the 
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trend of the company's operational activity. This specified stochastic 
process has a good estimation result with real data (such as historical 
EBITDA of blue-chip firms from Dow Jones Industrial Average Index). 
Since EBITDA is the source of the firm's value, utility indifference pric- 
ing framework could be another way to value firms based on the risk 
management. We will research this topic in the future. 
4.1.2 Literature Review 
In modern corporate finance history, academic arguments on whether financial 
decisions create value start from the classic paper of Modigliani and Miller 
(1958 and 1963). For a perfect and frictionless market, hedging decisions have 
been shown to be irrelevant to the firms' investors. However the theoretical 
assumptions do not hold in practice. By relaxing the theoretical assumptions, 
Myers and Majluf (1984) then considered the asymmetric information between 
managers and shareholders, identified agency costs and predicted debt financ- 
ing is cheaper than equity financing. After that, other benefits and costs such 
as taxes shield, financial distress have been discussed intensively under imper- 
fection market assumptions. 
Stulz (1984) pointed out the role of managers' risk aversion to explain cor- 
porate hedging in empirical research. Then Smith and Stulz (1985) showed 
that value-maximizing firms will hedge for three reasons: (1) taxes (2) costs 
of financial distress (3) manager's risk aversion. Breeden and Viswanathan 
(1996) and DeMarzo and Duffle (1995) argued that managers may hedge so as 
to protect their reputation as good professionals. Bartram (2000) pointed out 
the importance of interest rate risk management for non-financial firms. He 
argued that the interest rate has direct effects on financial assets and liabilities 
but there are also indirect effects on the value of real assets and projects. The 
fact that non-financial firms have a larger proportion of non-financial assets 
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in their balance sheets makes it more difficult to manage. Following his logic, 
our research recognizes the importance of the interest rate risk management to 
non-financial firms. We found that as one of important financial decisions, a 
interest rate fixed-floating mixture hedging can be explained by balancing the 
value of the tax shield from debt against the increased risk of financial distress, 
bankruptcy and interest costs. And the manager's risk aversion and the payout 
rate of dividend play less important roles in this specific decision. This result 
has not been presented by other papers. 
4.1.3 Preliminary -Merton Problem 
In this chapter, our question is to work out the optimal hedging strategy. This 
is a classic Merton (1969) optimal asset allocation problem. Consider an agent 
who, rather than trying to price a claim, has the aim of obtaining an optimal 
hedging strategy to maximize her expected utility of terminal wealth. Other 
versions of the asset allocation problem consider optimizing utility over an 
infinite horizon, this is not discussed here. In this section, we use a Taylor 
expansion in a one step setting to explain the characteristic of the optimal 
hedging strategy. This is easier than dynamic programming method, which we 
will discuss later. 
4.1.3.1 Merton's Theorem 
Theorem 3. Merton's Optimal Hedging Strategy by Taylor Expansion 
We assume ASt Zs the prZce return of a risky asset; E(. ) - E(-I. Ft) M the 
AS E(Ast) conditional expectation value of variable. Specially, we assume t 
[E[(ASt)2] 
0, an optimal hedging strategy 0* to maximize the expectatZon of agent's utffity t 
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of terminal wealth U(Xt+l), by Taylor expansion appronmation has result, 
o* 
UI(Xt)E(ASt) 
Ull(Xt)E[(ASt)2] (296) 
For an exponenhal utibty function U(X) :- -e--Yx, the ophmal hedgMg strat- 
egy Zs gZven by, 
0* P (t, St) t 
-ýOrl (t I St) 
(297) 
For a power utility function U(X) -- 
Xl-R 
the optimal hedging strategy is 1-R I 
gZven by, 
o* 
= ii(tl St) xt Ror 2 (t, St 5 
Proof. - 
(298) 
Let us take the Merton assumptions and consider a one-step setting. Con- 
sider a model on a stochastic basis (Q, _F, 
P). In this section, time is dur- 
ing [t, t+ 1], t=0... T-1. The agent with initial wealth Xt, invests the 
amount of Ot in the risky asset St. We do not make any assumptions about the 
process of risky asset price here. We are looking for an admissible optimal Ot 
T2 
with (E f6 I Ot I dt < oc, 0 =- ýOt, t> 01) to maximize the expectation of 
agent's utility of terminal wealth. 
0* - arg sup E [U (Xt+ 1) 1 T7t] and Xt+l = Xt + Ot(, ASt) (299) t oce 
By Taylor series, we expand E[U(Xt + OtASt) I Ft], as (Xt + OtASt) --ý Xt, 
E[U(Xt + OtASt) I Ftj - U(Xt) + UI(Xt)OtE(, ASt) 
Uli (xt) 
02 [(ASt)2] + o(02 )2 ]) +- Et E[(ASt (300) 2t 
From the zero gradient condition with respect to Ot, we have, 
0* __ 
U(Xt)E(ASt) 
+0[ 
E(ASt) 1 (301) 
t- U"(Xt)E[(, ASt)2] E[(ASt )2] 
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4.1.3.2 Summary of Merton's Optimal Hedging Strategy 
9 Stochashc Control Problem 
Observing the single step model of the Merton problem, we note that 0* t 
is a function of two variables Ot (t, X), Ot G E), time and state. This means 
that the Merton control problem is a Markovian control problem rather 
than a deterministic control problem. 
DynamZc ProgrammZng Methodology 
In the one-step model, we can learn the characteristic of an optimal hedg- 
ing strategy by Taylor expansion. However, for a continuous time version, 
we should give up Taylor expansion method and go back to dynamic pro- 
gramming methodology used in Merton (1969) and Merton (1971). These 
are standard references for the optimal asset allocation problem. 
Properties of Optimal HedgZng Strategy 
First, the solution of the optimal hedging strategy (equation (301)) tells 
us that an agent with a different risk aversion has a different asset allo- 
cation strategy. If two agents have the same wealth, but different risk 
aversion attitudes, like -yj > 'Y2, with a higher risk aversion, agent one 
will invest less in a risky asset than agent two. Second, when utility is a 
power function, the control strategy is a linear function of initial wealth. 
That means the optimal allocation strategy has a linear relationship with 
initial wealth. More wealth implies, more invested in the risky asset. Ex- 
ponential utility does not have this characteristic. Third, higher market 
price of risk per standard derivation will lead to a higher risky allocation 
strategy. 
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4.2 Evaluate Business Operational activities, Identify Interest 
Rate Exposure and Others 
4.2.1 Evaluate Business Operational activities 
Business operational activities can be measured by either cash flows or eco- 
nomic value. In academic research, there is a long history of scholars taking 
the exogenous unleveraged firm value measured as a constant times the produc- 
tive cash flows. They also assume that the unleveraged firm asset are traded 
assets. This class of models includes Brennan and Schwartz (1978), Leland 
(1994), and Leland and Toft (1996). These unrealistic modeling assumptions 
do not apply in practice. Forthmore, Goldstein, Ju and Leland (1998) pointed 
out that this framework implies that the tax benefits create the cash inflows, 
rather than a reduction of outflow of funds. They presented another framework 
based on EBIT to circumvent these difficulties. Similarly, we employ EBITDA 
in this chapter. EBITDA is an indicator to measure the firms' earnings before 
any financial and accounting decisions. It is a popular indicator in practice 
because it can be used to compare profitability among different companies and 
industries. It eliminates the effect due to the significant non-cash charges for 
depreciation and amortization that may not be indicative of the operational 
performance from a cash perspective. Therefore, EBITDA is a good measure 
to help investors better understand the firm's ability to generate cash from 
operations and their operational performance. Compared to those data which 
is quite expensive to obtain, historical EBITDA is also the significant public 
data in the market and it is easily obtained from Bloomberg database. 
4.2.2 Identify Interest Rate Exposure 
9 Interest Rate Risk from Liability 
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We divide a firm's liability into two categories, one is the fixed-rate liability and 
the other is the floating-rate liability. The floating-rate liability has a common 
feature: their coupons link to the short-term interest rate such as the bank base 
rate or London Interbank Offer Rate (LIBOR), which reset more than once a 
year, such as daily, weekly, monthly, quarterly or semiannually. Floating rate 
liabilities create market sensitive interest payable, which contains the cash flow 
risk that the firms may wish to hedge. Most popular floating-rate liabilities 
used by firms include Commercial Papers (CP), Swaps, Futures and long term 
loans with floating-rate interest payment. In this chapter, the interest rate at 
the floating leg can be classified into 1-month, 3-month or 6-month LIBOR rate. 
As the short-term interest rates change, the interest payable on these liabilities 
also varies. The short-term interest rate becomes one random variable in the 
system. 
* Interest Rate Risk from Asset 
Earning variation in interest rates is an important point for interest rate risk 
analysis. Reduced earnings or outright losses that can threaten the financial 
stability of firms, causing financial distress and reduction of market confidence. 
An increase in interest rates can, exert a positive or negative effects on a firm's 
business. Such a relationship between operational cash flows with interest 
rates is normally unobservable and must be estimated. We need to determine 
whether they are correlated with each other firstly and the sign and the quantity 
of the correlation secondly. 
4.2.3 Tax Shield Benefits 
When the firm is solvent, tax shield benefits depend on interest payments and 
the tax rate. When the firm is insolvent, tax shield benefits will 
be limited by 
the cash flow. In this chapter, we assume the firm encounters no 
default risk. 
ill 
By mathematical formula, the tax shield value of interest payments It as long 
as the firm is solvent is equal toTIt, whereTdenotes the corporate tax rate. 
We model tax shield benefits as a cash inflow, rather than the deduction of the 
cash outflow. 
4.3 Static Model 
We study the non-financial firms who borrow an exogenously determined amount 
of money. Two types of liabilities are presented: liability with a fixed interest 
rate and liability with a floating interest rate through the borrowing horizon. 
There is no spread or margin added to the observed interest rates. In this part, 
we present results for a static model without the possibility to rebalance the 
liability portfolio before expiration. 
To define the entire system in discrete time model, we divide the time 
tj+j - tj =X interval [0, T] into N subintervals, with each length R-T and 
t= t6t, Z= 0'.. -, N. We assume a 
firm who generates a sequence of random 
variable EBITDA f fi : 1, ..., N1, with the 
known initial value fo. And at time 
ti, denoted by fi. The goal of managers is to maximize the free cash flow by 
making an optimal financial decision. We build up a model with these main 
assumptions, 
Assumption 
* Each time period: 6t = ti+ I- ti, with i=f0,1, ..., N- 11. 
At to, 
treasury managers decide fixed-floating mixture strategy. 
9 Exogenous liability amounts D are constant over the period. 
* Fixed liability has a fixed interest rate f; floating 
liability has a floating 
spot interest rate r. fri : NJ is a sequence of random variables, 
with the known initial value ro. 
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o Accrual interests and principal paid at T- tN- 
& Credit spread constant and equal to zero. 
4.3.1 Base Case: One period model 
Thesis Result 9. 
In a stmple one-step and one-factor static model, when the free cash flow C, is 
given by, 
Free Cash = EBITDA - Interest Expenses 
-Dividends Payout + Tax Shield Benefits 
when managers choose the fixed-floahng mZxture raho Zn order to maxZmZ'Ze the 
Tnean-variance preference of the termMal cash flows, the ophmal fixed-floating 
mixture is given explicitly by, 
-r)D 
Ar 
A) -yDO-2 r 
(302) 
The notahons are defined when the problem Zs addressed in the rest of this 
section. 
In this part, we assume a firm who generates EBITDA over one period. 
The finite time horizon spans from t= fO, 11. We denote EBITDA by ft, fo 
is known, while f, is a random variable. The basic problem is that treasury 
managers wish to make a fixed-floating mixture strategic decision at time zero. 
As we know, the free cash flow Ct can be defined by, 
Free Cash = EBITDA - Interest Expenses 
-Dividends Payout+ Tax Shield 
Benefits 
The interest expenses are the amount of accrual interest charges 
for period. 
11 = D[ri0o +f (I - Oo)l 
(303) 
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where D denotes constant the amount of total liability, 0: (0 <0< 1) denotes 
the percentage of floating liability. Both liability principal and its interest 
expenses are repaid at end of horizon. If we look at what happens as a conse- 
quence of the one step, free cash flow can be formulated by, 
(304) Cl = (I - A) [f, - (I - T)III 
where T is the constant corporate tax rate, A is the constant proportion of 
dividends payout rate to equityholders. Our free cash flow optimization target 
function is expressed by, 
(305) supfE(CI) - 
ýy V (CI) 
02 
where -ý is risk aversion factor. E(-) is the expectation of variable and V(-) is 
the variance of variable. 
In the base case, we assume that EBITDA is a dependent variable on 
the floating rate. And a simple statistical linear regression models are applied 
here, 
f, = oz + Or, +e 
Then we can write, 
E(CI) = (I - A)a + (I - A)ý3[lr 
(306) 
- (I - A)(I -D (p, - f) 00 - 
(I - A) (I - T) Df (307) 
V(Cf) = (I _ 
A)2U2 + (I _ A)2U2[o -T)DOO]2 (308) rer 
where y, is the mean or expectation of random variable ri, a2 and 
U2 is the re 
variance of the random variable rl and the residual term in the linear regression 
of EBITDA on interest rate. By zero first derivative condition, the optimization 
simplifies to, 
Pr 
O* 0 (I - F)D CT2 A)-ýD r 
(309) 
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4.4 Dynamic Model 
Similar to the static model, we study the non-financial firms who borrow an 
exogenously determined amount of money. Two types of liability, fixed and 
floating, are presented. Spot interest rates are driven by a one factor model. 
There is no spread or margin added to the observed interest rates. In this part, 
the agents are allowed to rebalance their liability portfolio continuous without 
cost - 
Following the standard dynamic model setting, we assume a probability space 
(Q, 
JF, F= (Tt)O<, t, <Ti P) , where Ft is the natural filtration of Wtl, W2 = pW1 + tt 
pWiL', W, ' and W, -L' are two independent Brownian motions, P= , 
/I --p2. 
4.4.1 Dynamic EBITDA, Interest Rate and Their Correlation 
Thesis Result 10. 
We assume that EBITDA follows a general stochastic differenhal equation, 
dft = a(t, ft)dt + b(t, ft)dWt2 (310) 
when a(t, ft) := at and b(t, ft) := bt, the solution ft follows a normal dis- 
tribution; when a(t, ft) := atft and b(t, ft) := btft, the solution ft follows a 
lognormal distribution. 
We assume that the average of the EBITDA return, at, is formulated by a sine 
function, 
at =A+ Bt + Csin(wt + ýo) 
where t denotes the time and A, B, C, w, ýo C- R that have to be chosen to fit the 
real data well. 
In this part, we specify a SDE to capture EBITDA's behavior by the 
following 
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popular dynamics in quantitative finance, 
dft = a(t, ft)dt + b(t, ft)dWt2 (312) 
where ft the modeled EBITDA process, with initial value fo. The drift a and 
the diffusion b terms can depend on time and state variables, satisfying the 
standard Lipschitz condition in f, so that the above SDE admits a unique 
solution. This general setting includes the following models, 
Browntan mohon: a(t, ft) := at, b(t, ft) := bt. The solution ft follows 
normal distribution. 
2. geometric Browman motion: a(t, ft) := atft, b(t, ft) := btft. The solution 
ft follows lognormal distribution. 
The average of the EBITDA return is formulated by a since function with 
other two parts, 
at =A+ Bt + Csin(wt + ýo) (313) 
t denotes the time and (A, B, C, w, ýo E R). The parameters (A, B, C, W, ý0) 
have to be chosen so that the curve fits the real data well. Determination and 
estimation of those parameters can be undertaken through historical data by 
ordinary least square techniques. And we have, 
at == A+ Bt +C sin(L, )t + ýo) 
A+ Bt + C[sin(wt) cos(ýo) + cos(wt)sIn(ýp)] 
== 01 + /32t + 
03 Sin (Wt) + 04 COS (Wt) 
then, 
A=ýj 
B= ý32 
tan- /34 03 
c 
03 
Cos (ýO) 
(314) 
(315) 
(316) 
(317) 
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To estimate column vector 13 :=(, 31,02,03,04), we apply the method of 
ordinary least squares the observation of the historical data. 
X(O) = min Ia- 
ý3 
(318) 
where a is the model data vector and a is the real data vector. By the zero first 
derivative condition, quadratic function becomes linear. So the unique solution 
, exists by, 
ax 
0 (319) 
we have, 
o= Y-1 xa (320) 
It sin(wt) cos(wt) 
tPt sin (wt) t Cos (wt) 
sin(Lit) t sin (wt) sin(wt) sin(Lit) Sin(wt) COS(Lot) 
cos(wt) tcos(wt) sin(wt)cos(wt) cos(wt)cos(wt) 
We model the spot interest rate following a general SDE, 
drt =p (t, rt) dt + o- (t, rt) dWtl (322) 
and we have dWt'dWt2 - pdt. We assume the drift and diffusion coefficients 
p, o, stratify the standard Lipshchitz condition in r. They are also estimated 
by historical data. 
The drift and diffusion coefficients for both EBITDA and spot interest rate 
and the value of their correlation have to be determined. When the market 
is incomplete, it is highly dependent on an accurate analysis of the real and 
historical world. When only available information is the historical data in such 
certain market, the statistical estimator should be used. We compute historical 
volatility over a long time period [0, N] as 62 I: 
N-I(Rti 
- RN)2 where N-1 iý: =O 
1 I: N- RN -y j=01 Rti. 
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4.4.2 The Model 
Thesis Result 11. 
In a dynamW model, managers choose the fixed-floating mixture ratio in order 
to maximize the mean-variance preference of the terminal cash flows Ct+h, 
Ct - SUPf [E(Ct+h) - 
2V(Ct+h)] I 
-Ftj ot 2 
(323) 
where -y is managers' risk aversZon. The optimal fixed-floating mixture 0* is t 
given impltcttly by, 
o* pb(t, 
ft) Cfi - -ycf p(t, rt) -f ci (324) t- (1 --F) Dor (t, rt) Cii - -Y 
' (1 - A) (1 - -r) D07 2 (t, rt) Cii - -y 
and is gmen explWitly when C= (I - A) [f - (1 - T)I], 
0* 
(1 - A)pb(t, ft) /-t(t, rt) -F 
t (I 
- T)Du(t, rt) -yDU2(t, rt) 
(325) 
The specific notations are defined when introduced in the section. 
Before we apply the non-traded asset model, we define cash flows at time t 
be, 
Ct = (I - 
A) [ft 
- 
(I 
- T)lt(Ot)] (326) 
where accrual interest expenses at time t are defined as, 
tt 
It (0t) =D 
10 
O, dr, + Df 
Jo 
(I - 0, )ds (327) 
We rewrite cash flows in integral form, 
Ct 
f 
ý[ 
(I - A) a (s, f, ) D 0, 
(328) t 
n 
rt 
0 1 -(I-T)DF(1-0, 
)]ds+(I-A)] b(s, f, )dW, 2 (329) 
t 
-(I - -F)D 
fo 
0, a (s, r, )dWl 
(330) 
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By It6 formula, the value function at time t+h is, 
Ct+h = Ct + (I - A)dft - (I - A)(I -T) dI (0t) (331) 
t+h 
= ct + 
it 
LC(s, f, 1,; 0, )ds (332) 
t+h 
+ (I - A)b(s, f, )"CdW, 2 (333) Of 
t 
t+h 
A) (1 - -F) Da (s, r, ) 0, dWl (334) 
in which L is an operator defined on the set of appropriately differentiable 
function on [0, Tj x R-+- x R+ by) 
, CC(s, fs, -Is; 
Os) - 
ac 
- (1 - A)(1 -T) [Dtt(s, r, )0, (335) at 
+DF(I - 0, )] 
Oc 
+ (1 - A)a(s, f, ) 
Oc (336) 
01 Of 
+I (I _ 
A)2 b 2(S ,f3) 
02C 
(337) 
2 Of 2 
+I (I - 
A)2(l _ F)2 D 
2072(8, 
rs)02 
02C 
(338) 
2s 012 
02C 
_ A)2(l -T)Dpb(s, f, )o7(s, r, )Os- (339) Of 01 
We next calculate the expectation and variance Of Ct+h condition on the 
information available at time t, namely -Ft. First, 
t+h 
E(Ct+h I -Ft) - 
Ct +E 
it 
CC(s, f, I,; 0, )d8 (340) 
where Ct =C is known at time t, and E denotes the conditional expectation 
given ft =f and rt = r. 
Define a new stochastic process Mh for h ý>, 
0 by 
t+h 
Mh - C+ 
I 
LC(s, f, I,; 0, )ds (341) 
Thus, E(Ct+h I Ft) = EMh, and, 
Ct+h " Mh + 
t+h 
(I - A) b (s, 
ac 
dW, 2 
ft 
09f 
ft t+h 
(I-A)(l-, T)Dor(s, r, )OdWl (342) 
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It follows that, 
V(ct+h I Tt) 
)2 = E((Ct+h - EMh t) 
t+h 
= E(Mh - EMh)2 +E A)2 b 2(, S, fs 
OC)2 
ds 
ft 
Of 
t+h 
t 
+E (I - A)2(l _, F)2 D2U2 (s, r, ) (0, )'ds 
t+h 
-2E (1 _ 
A)2(l 
-T) Dpa (s, r, ) b (s, f, ) 0,09C ds 
ft 
af 
Now objective function equation becomes, 
Ct supf [E(Ct+h) - 
2V(Ct+h)] I Ttj 
ot 2 
t+h 
Ct+E LC(s, f, 1,; 0, )ds 
t 
- 
IYE 
t+h 
(1 
_ A)2 b 2(S' f8 
OC)2 
ds 2t Of 
ýy jt+h (I 
_ A)2(l 2t -E 
F)2 D 20-2 (8, T, ) (0s)2 ds 
tt Of 
ds +-yE 
f t+h 
(I 
_ A) 
2 (1 
- T)Dpa(s, r, )b(, s, fs)O, 09C 
We choose Ot in order to maximize the mean-variance preference, 
(343) 
(344) 
(345) 
(346) 
(347) 
(348) 
(349) 
(350) 
(351) 
(352) 
pb(t, ft) Cf, - -Ycf P(t, rt) -rC, (353) '- (I - T)Du(t, rt) Cii -7' (I-A)(1-T)DO-2(t, rt) Cii - -Y 
Compared to equation (37) in Chapter 2, we can see, maximizing the 
mean-variance preference is a specific case of maximizing the utility function. 
With a differentiable function C and its derivative (CI, Cf, CII, Cf I), we give 
the optimal solution explicitly as, 
0* = 
(I - A)pb(t, ft) p(t, rt) -r (354) t (I 
- -T)Da(t, rt) -yDO-2 
(t, rt) 
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4.4.3 Discussion 
Since the seminal contribution of Markowitz and Tobin, mean-variance pref- 
erences have been extensively used to model the behavior of economic agents 
choosing among uncertain prospects and have become one of the benchmarks 
of portfolio selection theory. The success of this specification of preferences is 
due to its analytical tractability and clear intuitive meaning. Mean-variance 
preferences have however, a major theoretical drawback: they may fail to be 
monotone. It may happen that an agent with mean-variance preferences strictly 
prefers less to more. Because monotonicity is the crucial assumption on pref- 
erences that arbitrage arguments require (see Dybvig and Ross (1985)). 
Although the agents also have other preference, the traditional objective 
of maximizing risk adjusted return is widely useful in many contexts. Levy 
and Markowitz (1979) justified the practice of using mean-variance analysis by 
showing that mean variance analysis can be regarded as a second order Taylor- 
series approximation of standard utility function. 
Given a utility function U(vt), defined over the gross return Vt. The actual 
utility function and its quadratic approximation are calculated as follows. Sup- 
pose we have gross returns for T periods: vo7 ... I VT. 
The second order Taylor 
series approximation of the utility are, 
U(v) ý U(1-0 +u/ (p)(v - P) +I U" (P) (v - P), 
(355) 
2 
here p= E(v), 9' = V(v), we ignore the third and forth orders which recog- 
nizes the skewness and kurtosis preference and write an approximation for the 
expected utility as, 
E[U(V)] ý U(P) +I U"(A)Gl 
(356) 
2 
we also approximate, 
U(P) ý U(O) +u, (O)p 
(357) 
121 
and assume that U(O) -0 and U'(0) = I. We therefore write, 
E[U(v)] ýp+2U (M) 0-2 (358) 
when U -, y (such as a quadratic utility v- JV2, we can rewrite utility 2 
function as, 
E[U(v)] = E(v) - 
! V(v) 
2 (359) 
Now we can introduce a non-traded asset model framework to study the 
fixed-floating mixture decision problem. Our target is defined by the following 
value function, 
Ct sup E [U (CT) I Ft) (360) 
OtGe 
sup [E (CT) -7 V(CT)] Ftj (361) 
OtEe 2 
where U(-) is quadratic utility function. The target is to maximize the utility 
function of terminal cash flows. 
4.5 Numerical Example 
4.5.1 Optimal Fixed-Floating Mixture Decision 
Thesis Result 12. 
An optimal fixed-floahng mixture balances the value of the tax shield from debt 
against the increased risk of financial distress, bankruptcy and interest costs. 
Knowledge of the manager's risk appetite and dividend payout rates play less 
important roles in this decision. 
In the following hypothetical numerical example, we assume an arbitrary 
US business firm has the instantaneous EBITDA $100,000,000 and the con- 
stant interest bearing liability $100,000,000; its EB1TDA return yields the 
volatility coefficient of 0.11%; its corporate tax rate takes 28%; the dividends 
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payout rate takes 2%; the risk aversion coefficient takes 0.2; the correlation 
between EBITDA and the interest rate is 0.5; others model inputs, please see 
the following table for reference. 
Numerical Test Parameters 
Correlation P 0.5 
Instantaneous volatility of EBITDA return bt 0.11% 
Instantaneous EBITDA ft 100MM 
Corporate tax rate 7 28% 
Constant interest bearing liability D IOOMM 
Instantaneous volatility of interest rate return at 3.98% 
Spot interest rate rt 7.68% 
Instantaneous mean of interest rate return At 5 
Fixed interest rate f 5% 
Dividends payout rate A 2% 
Risk aversion -Y 0.2 
Table 9: Numerical inputs of optimal fixed-floating mixture decision test 
After numerical tests, we find that 
(1) the value of Debt/EBITDA is a significant determinant to the optimal 
hedge ratio. A higher leveraged firm should stay with a lower level of floating 
liability. If we had adopted the classic Merton model ignoring non-traded risk, 
then we would lose the most important factor. 
(2) The value of corporate tax rates has an analogous but more modest 
effect. 
(3) Similarly correlation has pronounced effect on the hedge ratio. The 
effects in case (2) and (3) are positive. It implies firms will operate a higher 
level of floating liability when their business operational activities has a higher 
correlation with the market risk. The firms will also operate a higher level of 
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floating liability when they have a higher level of the corporate tax rate. 
Sensitive Factors 
ý 
Dlf 0* -T 0* 
1p1 
0* 
0.5 49.34% 28% 24.67% 30% 14.87% 
1 24.67% 0% 25.37% 40% 19.77% 
5 4.93% 35% 27.31% 50% 24.67% 
Table 10: Sensitive factor in a fixed-floating mixture decision 
(4) However, the optimal hedge ratio is insensitive to the value of the risk 
aversion and dividend payout rates. It implies that knowledge of the manager's 
risk appetite and dividend payout rates are not essential to the fixed-floating 
mixture decision. 
Insensitive Factors 
0* A 0* 
0.2 
2 
24.67% 
24.51% 
2% 
15o 
24.67% 
23.92% 
Table 11: Insensitive factor in a fixed-floating mixture decision 
4.5.2 EBITDA Evolution 
Thesis Result 13. 
By observZng the historical data, we find that EBITDA has a strong seasonality 
and a growMg trend characterishcs for almost every sample company. 
To catch 
these features from data, we assume that the growing trend is a linear junction 
wtth respect to time; the seasonality is a since function with respect 
to time. 
at =A+ Bt +C sin(L, )t + ýo) 
(362) 
This assumption works well with real data. 
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In the EB1TDA evolution real data test, our data contains 28 leading 
firms from different industries among Dow Jones Industrial Average Index 
(Appendix 3). The historical data spans fiscal year between 1990 and 2007, 
17 years of quarterly consolidated EB1TDA in US Dollars, which is collected 
from Bloomberg database. Each time series comprises 68 data points, which 
we think is a sufficient sample to conduct relevant statistical analysis. 
For example, we assume EBITDA follows a geometric Brownian motion and 
measured in quarter of year (considering our data limitation, which can be in 
days). The mean of log-return of EBITDA is formulated by the function, 
at =A+ Bt + Csin(wt + ýo) (363) 
where t denotes the time and (A, B, C, w, ýp E R). We let t=0,1.... denote 
each quarter and so on. Since we know that the period of the oscillations is 
one year, we have w= 27r/4 (if we have daily data, we can define w= 27r/365). 
Considering the yearly minimum and maximum mean EBITDA do not usually 
occur at March Ist and September 1st respectively, we have to introduce a 
angle measure ýp. This is proved by a real data test. For 39% of 28 Dow John's 
listed company samples, their earning log-return peaks during the first quarter, 
21% peaks during the second quarter, 14% peaks during the third quarter and 
25% peaks during the last quarter (Appendix 4). 
We list 8 DJ's sample companies' historical data of EBITDA and its estima- 
tion in Table 12 and Figure 5. Table 12 contains 8 companies' estimation result. 
0: = (01,02, ý33, 
/34) is an intermediate vector. The parameters (A, B, C, W, ý0) 
have to be chosen so that the curve fits the historical data well. We use Alcoa 
Inc. (AA) as an example to explain our works. The time series comprises 68 
data points. In the dynamic model, the mean of its EBITDA log-return follows 
the equation at = -0.0086 + 0.0012t + 0.133 sin(wt + 1.0661). 
It is easy to ob- 
tain similar functions for the rest seven companies. In Figure 5, the historical 
data is represented by a red line, whereas the fitted data is represented 
by a 
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blue line. 
Alcoa Altria Coca-Cola HP 
01 -0.0088 0.0496 0.0752 0.0702 
02 0.0012 -0.0008 -0.0006 -0.0006 
/33 0.0643 0.1101 0.2032 -0.1020 
04 0.1164 0.0501 0.1444 0.1454 
A -0.0086 0.0496 0.0752 0.0702 
B 0.0012 -0.0008 -0.0006 -0.0006 
Ip 1.0661 0.4270 0.6178 -0.9591 
C 0.1330 0.1210 0.2493 -0.1776 
a 0.2029 0.1796 0.2707 0.2248 
count 68 1 
68 
1 
68 68 
Home Depot McDonald's P&G Wal-Mart 
01 0.1143 0.0194 0.0751 0.1289 
02 
-0.0011 0.0003 0 -0.0010 
03 0.1433 0.1343 0.0896 -0.2008 
04 0.1495 -0.0199 0.3563 -0.1237 
A 0.1143 0.0194 0.0751 0.1289 
B -0.0011 0.0003 0 -0.0010 
(P 0.8066 -0.1471 1.3244 0.5521 
C 0.2071 0.1358 0.3674 -0.2358 
01 0.2027 0.1551 0.3722 0.3347 
count 71 68 70 71 
Table 12: EBITDA estimation 
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Figure 5: EBITDA evolution: historical data (in red) vs fitted data (in blue). (1)AA- 
Alcoa Inc. (2)HD-Home Depot, Inc. (3)HPQ-Hewlett-Packard Company (4)KO-Coca- 
Cola Company (5)MO-Altria Group, Inc. (6)WMT-Wal-Mart Stores, Inc. (7)PG- 
ProcterGamble Company (8)MCD-McDonald's Corporation 
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4.5.3 Correlation 
Thesis Result 14. 
By a stmple bivariate correlahon test, we find all sample companies' business 
actimhes are correlated wtth the spot znterest rate. Some bustness have pos- 
itive correlation with the znterest rate; and others business can have negatzve 
correlation with the interest rate. 
Table 13 lists bivariate correlation testing results. We collect the real 
data from Bloomberg database. We use Alcoa Inc. (Code: AA) from US 
equity market as an example to explain the results. Its available quarterly 
EBITDA data is up to 1990. The other time series we study here are historical 
quarterly observations of short-term interest rates. We take the 1-month spot 
LIBOR rate as modeling proxy to spot interest rate. Suppose that we are 
given a sequence of observations (fl, ri), ---, (f, r, ), where each observation 
is a pair of numbers fi, ri (E R and n= 69. Here we are ready to do a bivariate 
correlation test. We test four pairs of times series for eight sample companies. 
After pairs of time series checking, ln(ftlft-1) and ln(rt/rt-1) have the statistic 
significant correlation (Pearson's correlation=: 0.334). That means that there's 
a moderately strong correlation between the log-relative return of f and r. 
Correlation is significant at the 0.01 level (2-tailed). 
Correlation is significant at the 0.05 level (2-tailed). 
f=: EBITDA; r=IM USD LIBOR; 
Af = ln(ft/ft-1); Ar = ln(rt/rt-1) 
Cor. =Pearson correlation; Sig. =2-tailed statistic significance. 
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AA AA mo mo KO KO HPQ HPQ 
f Af f 'Af f Af f 'Af 
r Cor. 0.018 -0.053 -0.459* 0.056 -0.426* 0.024 -0.218 -0.107 
Sig. 0.882 0.671 0.000 0.650 0.000 0.848 0.072 0.386 
N 69 68 69 68 69 68 69 68 
Ar Cor. 0.032 0.334* 0.064 0.003 0.202 -0.024 0.400* -0.023 
Sig. 0.796 0.005 0.604 0.979 0.099 0.843 0.001 0.850 
N 68 68 68 68 68 68 68 68 
HD HD MCD MCD PG PG WMT WMT 
f Af f 'Af f Af f 'Af 
r Cor. -0.449* 0.018 -0.297** 0.004 -0.297** -0.047 -0.442* 0.001 
Sig. 0.000 0.882 0.013 0.975 0.013 0.702 0.000 0.993 
N 69 68 69 68 69 68 69 68 
Ar Cor. 0.239** 0.029 0.271** -0.002 0.278** 0.040 0.247** -0.125 
Sig. 0.050 0.815 0.026 0.990 0.022 0.749 0.042 0.308 
N 68 68 68 68 68 68 68 68 
Table 13: Bivariate correlation test results: (I)AA-Alcoa Inc. (2)HD-Home De- 
pot, lnc. (3) HP Q-Hewlett- Packard Company (4)KO-Coca-Cola Company (5)MO- 
Altria Group, Inc. (6)WMT-Wal-Mart Stores, Inc. (7) PG-ProcterG amble Company 
(8)MCD-McDonald's Corporation 
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4.6 Optimization with Constraints 
While the traditional hedging objective of maximizing expected returns ad- 
justed by risk have been presented. Treasury managers often have other con- 
siderations for example some accounting ratios, financial leverage and credit 
rating. For instance, they may expect the interest cover ratio to achieve a 
certain benchmark level in order to meet the certain credit rating. Then the 
compound objectives can also be established for the model, 
Supf [E(CT) V (CT) J-t 
0 
fS 
2 
(364) 
subject to -Kt <- s<T is 
where K is a certain benchmark interest rate cover rating, treasury managers do 
not want to fall below. For example Cadbury Schweppes Group the constraint 
is no less than 3.5 : 1. 
By the Lagrangian multiplier method, then we minimize the Lagrange dual 
function, 
inffE(fl - 11) - 
-ýV(fj 
- I, ) - A[K - E( 
fl 
(365) 
O, A 2 11 
where A>0 is Lagrange multiplier associated with -A[K - E(L)] >, 0. 11 
4.7 Further Work 
In practice, both financial derivatives and corporate bond can be employed as 
management instruments of their interest risk exposures. They enable treasury 
manager's active management to achieve specific goals. We demonstrate the 
application possibilities for such instruments in fixed-floating mixture strategic 
hedging decision and develop a designed model to prove that such instruments 
can be risk and yield optimizing instruments. 
The investigation of corporate securities valuation and relative strategic 
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decision, such as capital structure for a firm has been one of the cornerstones 
of research in financial economics in general and corporate finance in particu- 
lar. Firms generate a productive cash flow. For operation purpose, debt and 
equity as two types of claims are written on it. In this chapter, we argue 
that firms generate the productive cash flow, which is the underlying asset of 
any claims of firms, is not the traded asset. Goldstein, Ju and Leland (1998) 
firstly pointed out this impossible assumption. However they did not aim to 
improve it through this angle. They used a more realistic measure EBIT as 
the underlying to capture more realistic capital separation among equityhold- 
ers, debtholders and government, and approached it still within Black-Scholes 
framework. Their work bring us a good idea how to build up a nice model 
within the utility indifference pricing framework. We will try to bring more 
corporate finance topics (such as corporate securities valuations, capital struc- 
tures) into the framework. 
4.8 Conclusion 
In this chapter, we study the hedging strategic decision process in non-financial 
firms. The fixed-floating mixture decision becomes more complicated: when 
the firm recognizes the interest rate exposure generated by both assets and 
interest-bearing liabilities and when the firm's operational revenue is corre- 
lated to interest rates. We show that the non-traded asset model framework 
can be employed to model this decision process. By the numerical study of a 
hypothetical market condition, we arrive at the useful recommendations that 
the mixture ratio is sensitive to some factors and insensitive to others. The 
sensitive factors include Debt/EBITDA ratio, corporate tax rate, the corre- 
lation between the operational revenue and the interest rate. The insensitive 
factors include the risk aversion coefficient and the dividend payout rate. 
This 
result implies that an optimal fixed-floating mixture balances the value of the 
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tax shield from debt against the increased risk of financial distress, bankruptcy 
and interest costs. And the knowledge of manager's risk appetite and the 
dividend payout rate play less important roles in such decision. 
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CHAPTER5 
Agricultural Derivatives 
Most agriculture business firms seek to protect and limit their exposures to 
agriculture market risk by using financial contracts such as futures or options. 
However there are two obvious difficulties to pricing and hedging these finan- 
cial instruments. Firstly, the majority of the underlying assets are currently 
not very liquid or entirely non-traded. Secondly, there is a lack of the liquidity 
in the derivatives market, which means firms have difficulties in building the 
positions. 
In this chapter, we present solutions to these questions. We create a new 
product, a European type ophon on low hqutdity agriculture futures. Gener- 
ally, this is a European option written on an exotic underlying asset. We apply 
the utility indifference pricing method to price and hedge the option. A geo- 
metric Brownian motion for the underlying asset process is inconsistent to the 
statistics observed in the agriculture market. To avoid this bias, we apply a 
statistical series expansion technique to improve and complement the primal 
approach of the utility indifference pricing method. The resulting formulas 
can be easily implemented for other probability density functions that need to 
be considered in the pricing process. These formulas are the fourth-moment 
approximations to the utility indifference price. Each market has its own char- 
acteristics, we use the sugar market as an example to explain how to include 
agricultural derivatives pricing and hedging into the non-traded asset model. 
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5.1 Introduction 
Viewed from a practical perspective, agricultural derivatives should be an im- 
portant application of the non-traded asset model. Agricultural commodities 
usually refer to soft commodities, such as corn, wheat, soybeans, sugar, and 
cocoa etc. Whether from the Macro- or the Micro- perspective, they are all 
extremely important and have strategic meaning for either governments or 
business firms. Agricultural markets with energy and metal markets consti- 
tute the global commodity market. Compared to other markets, such as the 
money market, the capital market, the equity market and the currency mar- 
ket, commodity markets had better returnslo during the last five years since 
01/01/2003 to 01/01/2008. The soaring agricultural commodity prices are 
caused by several factors. The fundamental problems are the mismatch be- 
tween the rising demand versus the decline in agriculture productivity growth; 
and world trade restrictions in agriculture. Another reason for the market to 
grow is the emergence of biofuel markets. Sugar, corn and wheat can be trans- 
formed into ethanol and substitute for current energy sources. 
Many agricultural business firms (producers, exporters, importers, manufac- 
turers and speculators) buy or sell a large amount of raw agricultural materials. 
For example Cadbury, a food company has long positions in cocoa and sugar. 
The exposure to agricultural market risk is enough to increase an agriculture 
firm's costs or dramatically reduce its profits. The need to effectively manage 
exposures to the fluctuations of agriculture commodity prices is clearly one of 
the greatest challenges faced by an agriculture firm. However the fundamental 
difficulty is the majority of the underlying assets and the derivative markets 
are currently not very liquid though or entirely non-traded. 
The structure of this chapter is as follows: 
1OBy UBS Bloomberg Constant Maturity Commodity Index (CMCI), agricultural market 
has return 96.48%; energy market has return 266.08%; metals market has return 377.52%. 
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In this chapter, we give a solution for an agent who enters into a derivative 
contract written on a low liquidity agriculture asset. This exotic contract's 
pricing and hedging are typical incomplete market problems. We use the sugar 
market as an example and apply the non-traded asset model framework to 
the sugar derivative market by using the high liquidity asset to hedge the low 
liquidity asset. Based on the statistical test of the log-returns of historical 
sugar futures prices, we find that the time series cannot be described by the 
conventional normal distribution. Instead of employing the Zariphoupoulou's 
utility indifference price, we improve the utility indifference pricing method by 
introducing supplementary parameters characterizing the skewness and excess 
kurtosis of the terminal density of the underlying asset price. 
5.1.1 Motivation and Some Results 
The contributions of this chapter include: 
We use the sugar market as an example to demonstrate hedging and 
pricing an agricultural derivative using the non-traded asset model frame- 
work. We treat the low liquidity asset as the non-traded asset, and use 
the high liquidity asset to hedge the risk. To our knowledge, such a role 
for the non-traded asset model has never been explored before. 
We find that the log-returns of sugar futures prices are leptokurtic. A 
derivative contract written on this underlying asset can not be modeled 
using a geometric Brownian motion assumption. We use a statistics series 
expansion technique, such as the type A Gram-Charlier series or the 
Edgeworth series, to obtain several fourth-moment approximate formulas 
to the utility indifference price. 
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5.1.2 Exchanges 
Once agricultural business firms have identified their exposures to agriculture 
commodity price fluctuations and established internal hedging policies, hedging 
can be achieved by choosing the financial instruments such as futures/vanilla 
options via international commodity exchanges. Among them London, Chicago 
and New York are the most important. Since each market has its unique char- 
acteristic, we use the sugar market as a specific example in this chapter. 
Sugar is one of the world's ten largest agricultural futures and options mar- 
kets in terms of its total trading volume. There are two main futures/vanilla 
options markets for sugar and a number of less important ones. The New York 
Board of Trade (NYBOT) provides the world's premier futures and options 
markets for several internationally traded agricultural commodities: cocoa, 
coffee, cotton, frozen concentrated orange juice and sugar. It operates the 
main international raw sugar futures contracts (sugar #11) as well as a do- 
mestic raw sugar futures contracts (sugar #14). The contracts are guaranteed 
by the Commodity Futures Clearing Corporation of New York. The London 
International Financial Futures and Options Exchange (EURO NEXT. LIFFE) 
operates the main white sugar futures contracts (sugar #5). The performance 
of each contract traded on LIFFE is guaranteed by the London Clearing House. 
An emerging market is the New York Mercantile Exchange, the world's largest 
energy market place, begins electronic trading in the sugar futures contract 
shortly, competing with NYBOT. NYMEX is the first exchange to offer this 
vital soft commodity futures contract on an electronic trading and clearing 
platform. 
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5.1.3 Liquidity 
In terms of liquidity, we find two features: (1) the newly developed market 
is currently not very liquid; (2) the same family of sugars, traded at different 
market , shows different level of liquidity. 
In the former case, the newly developed ethanol market should be a good 
example. Since ethanol is mainly produced by crops, like sugar, wheat and 
corn, those crops' trading prices become the basis of the ethanol's trading 
benchmark. For example, the size of the new ethanol contract (7,750 gallons) 
represents a close approximation of the amount of ethanol that can be produced 
from 112,000 pounds of raw sugar (the size of the sugar #11 futures contract). 
With the explosion in new technology, new targets (like ethanol) for investors 
will experience major growth and this growth trend is expected to continue. 
In the latter case, raw sugar (sugar #11) futures contracts traded in NYBOT 
have ten times more liquidity than white sugar (sugar #5) futures contracts 
traded in LIFFE by either trading volume or open interest. We collect the 
liquidity record from exchanges and list below. In Table 14, the trading volume 
represents the total amount of trading activity or contracts that have changed 
hands in a given market for a trading period. The greater the amount of 
trading during a market session the higher will be the trading volume. The 
open interest is the total number of outstanding contacts that are held by 
market participants at the end of each day. It is obvious from Table 14 that 
sugar #11 traded in New York is much more liquid than sugar #5 traded in 
London. 
In this chapter, we specify agriculture commodities into two states: high 
liquidity and low liquidity. We use the high liquidity asset (such as sugar #11) 
as a proxy for a traded asset and the low liquidity asset (such as sugar #5) 
as a proxy for a non-traded asset and include this new application into the 
non-traded asset model framework. 
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Contract Trading Volume Open Interest 
#11 sugar futures - 2006 151100)721 582,127 
#11 sugar futures - 2005 13)00'-71072 537,801 
#5 sugar futures - 2006 1,668,674 537621 
#5 sugar futures - 2005 1,497,150 76,133 
Table 14: Liquidity records of sugar #11 and #5 futures contracts 
5.1.4 Financial Instruments- Futures and Vanilla Options 
Only a relatively small proportion (30% ) of the total world sugar produced 
is traded directly through exchanges. These trades are by inter-governmental 
agreements or private trading companies, sometimes through sugar brokers. 
However the futures price achieved in exchanges forms the basis for other trans- 
actions. 
In Figures 6 and 7, we use the date April 1,2008, which is the date on 
which the trading occurred, for an example to explain the sugar futures' trad- 
ing at New York and London. The months Jan", Mar, May, Jul, and Oct 
represent five futures expiration months on which contracts could be traded. 
The last/high/low prices are listed that were determined through trading that 
day at the exchange. For example, the last price of the May08 sugar #11 fu- 
tures contract is 11.52 cents per pound. A futures contract on sugar #11 is 
specified in trading units of 112,000 pounds (50 long tons). This represents a 
total contract size $12,902.40. The last price of the MayO8 sugar #5 futures 
contract is 331.10 cents per pound. The total size of each contract is $370,832. 
In terms of liquidity, two main measures of market liquidity are listed. One 
is the open interest. The other is the trading volume. There are two aspects 
to our concentration: (1) the nearby contract, i. e. the contract for which the 
"Commences with the January 2010 contract. 
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expiration month is closest to the trading date has the most liquidity; (2) sugar 
#11 futures contract has more than ten times higher liquidity than sugar #5 
futures contract. It is not unusual that raw materials have more liquidity than 
refined products. 
Figure 6: Sugar #11 futures contract table on April 1,2008 
Figure 7: Sugar #5 futures contract table on April 1,2008 
1n terms of options, the underlying asset for the agricultural commodity 
options is not the agricultural commodity itself, but rather a futures contract 
for that agricultural commodity. For example, a 12 cents per pound March 
08 sugar #11 option is an option to buy or sell for a March 08 delivery sugar 
#11 futures contract at the strike price 12 cents per pound. The option can be 
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exercised by the holder on any business day until the second Friday of February. 
'Rading in most options is not conducted during the futures contract delivery 
month. 
5.1.5 Features of Sugar Prices 
In contrast to the financial market, the agricultural commodity price has its 
own characteristic. Studies such as Cornew, Town and Crowson (1984), and 
Hudson, Leuthold and Sarassoro (1987) found agricultural commodity price 
series to be skewed. Myers and Hanson (1993) found conditional leptokurtosis. 
In order to explore the features of sugar prices, we specify two time series and 
draw them from the Bloomberg database. They are generic prices 12 of sugar 
#11 and sugar #5 futures contracts. The analysis focuses on the generic price 
of a nearby futures contract. The generic nearby futures contracts from April 
11 1986 to April 2,2007 are used for a total 4577 observations and are graphed 
in Figure 8. The data over the same period are chosen for the statistic test. 
Not surprisingly, the white sugar #5 obtains a premium on the raw sugar # 11 - 
However, this premium varies with time. In addition, the price obtained at 
New York and London are strongly correlated. 
In Figures 9 and 10, we use histogram and Q-Q plot for checking the nor- 
mality for the collected time series. They show that the log-return of the sugar 
price has significant excess kurtosis and modest skewness" diagrammatically. 
12 A generic is constructed by pasting together successive contracts, and rolls at expiration 
Jan, Mar, May, Jul, and Oct. 
13 Given a set of random variable xt, t=1,2,. T, the skewness is the standardized 3rd 
_LET 
(xt, -. i)3' 
central moment of a distribution, calculated by the formula s=T t= 0-- where 
x and 
& are the estimated average and standard deviation. Positive skewness indicates a long right 
tail; negative skewness indicates a long left tail; zero skewness indicates a symmetry around 
the mean. 
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(SBI on the left) and sugar #5 (QWI on the right) nearby futures contracts 
Table 15 lists statistics results on sugar #11 futures contracts (SBI). 
The second column in Table 15 reports statistics based on the log-return of 
SBI prices, which are calculated as log( 
SB1t ), where SBIt denotes the SB1 SB1t-j 
closing price observed at the end of day t. The third column reports statistic 
results based on the arithmetic return of SBI prices, which are calculated as 
SBlt 
SBIt-1 
As we know, the conventional geometric Brownian motion assumes that 
prices are lognormally distributed. Alternatively, the log-return of prices are 
normally distributed. A normal distribution has zero skewness and kurtosis 
of three. However, the statistics shows that the log-return of sugar prices 
have significant excess kurtosis (i. e. much greater than three) and modest 
negative skewness. These imply that the time series data are leptokurtic data 
and display greater peakedness than would be expected if data is normally 
distributed. It shows clearly that the time series cannot be described by a 
conventional (log)normal distribution. A leptokurtic distribution is a good 
replacement. 
As Hull (1993) and Nattenburg (1994) point out that empirical violations of 
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Statistics log( SBlt -gt; lt-l 
SBIt 
SBIt-, 
Mean 
-IE-05 0.000217 
Standard Deviation 0.021342 0.021237 
Kurtosis 7.153121 5.785888 
Skewness 
-0.57583 -0.31046 
Table 15: Statistic results on generic prices of sugar #11 futures contracts 
Strike Price Implied Volatility Status 
10.50 41.15% ln-the-money 
11.00 40.50% In-the-money 
11.50 39.56% At-the-money 
12.00 40.16% Out-of-the-money 
12.50 40.60% Out-of-the-money 
Table 16: Implied volatility smile in the sugar #11 option market 
the log-normality assumption bring about volatility skews (volatility smiles) 14 
To discover this phenomenon, we collect one day's trading information of sugar 
#11 options from the Bloomberg database. Table 16 shows an obvious volatility 
smile phenomenon in the sugar option market. The unrealistic hypothesis of a 
lognormal distribution assumption of the underlying asset leads to the price of 
in-the-money and out-of-the-money option being undervalued by Black Sholes 
model (1973). Similarly, Zariphoupoulou's utility indifference price with such 
model assumption will suffer the same problem. Therefore, we will employ a 
statistical series expansion technique to improve the utility indifference pricing 
method. 
14 A volatility smile is the smile pattern that results from calculation implied volatilities 
from the cross-section of option market prices. Without considering this phenomena, people 
will price deep in-the-money and deep out-of-the-money options incorrectly. 
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5.2 Utility Indifference Pricing Agricultural Derivatives 
In this chapter, we create a new product, European-type options on low liqutd- 
tty agriculture futures. Generally, it is a European option written on the exotic 
underlying asset. An accurate option valuation formula is required by partic- 
ipants in financial and commodity markets, which are used to predict prices 
and related risk and then to make trading and risk management decisions. We 
apply the utility indifference pricing framework to price this European-type op- 
tions on low liquidity assets (such as sugar #5). We use the highly correlated 
assets (such as sugar #11) to hedge the risk. 
On a probability space (Q,. F, F= (-77t)0, <t<-Ti P), where Ft is the natural 
filtration of Wtl, Wt2 = pWtl + pWt-L', Wt' and WiLl are two independent Brow- 
nian motions, p= Vý_l --p2. We assume the risk-free interest rate r and storage 
costs rate k always be zero. This is possible without loss of generality, if r and 
k are kept constant. The spot-futures relationship becomes, 
= S(t)e(r-k)(T-t) F (t, T) (366) 
S(t) (367) 
where F(t, T) is the value of futures contracts. Now it is more convenient to 
model the value of futures contracts directly, which is equal to the spot value. 
We consider the sugar #11 and sugar #5 futures contracts whose price pro- 
cesses S, Y follow general stochastic differential equations (SDE) respectively, 
dSt p(t, St)dt + a(t, St)dWtl (368) 
dYt a(t, Yt)dt + b(t, Yt)dWt2 
5.2.1 Methods 
In this chapter, utility indifference pricing is applied to pricing and hedging this 
product. Since a geometric Brownian motion for the underlying asset process 
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assumption is inconsistent with the statistics result from the sugar market, we 
adjust the utility indifference pricing framework to avoid this bias. 
A number of techniques are available to overcome the violations of the 
normality assumption or volatility smile phenomena. Some of them are based 
on a more realistic assumption for the underlying asset, such as local volatility 
models, stochastic volatility models or jump models. A jump process has been 
chosen by Merton (1976) and more recently by Bates (1996), Hull and White 
(1987); Stein and Stein (1991) and Heston (1993) considered stochastic volatil- 
ity models. Rubinstein (1994) considered using binomial or trinomial lattices 
that achieve an exact cross-sectional fit of option prices. 
Another approach originally developed by Jarrow and Rudd (1992) and 
then developed by Corrado and Su (1996,1997) and Rubinstein (1998), which 
consists of approximating the true density of the underlying asset prices with a 
lognormal distribution. These methods allow to improve the pricing and hedg- 
ing performance by introducing supplementary parameters characterizing the 
skewness and the excess kurtosis of the underlying asset return density. 
The purpose of this chapter is to find the extended utility indifference pricing 
formula for our newly designed agricultural derivatives by using a statistical se- 
ries expansion method. Recently, Jurczenko, Maillet and Negrea (2002) made a 
detailed overview and compared several important statistics series expansions. 
In this chapter, we follow their logic and some of their notations to address our 
fourth-moment approximate utility indifference pricing model. 
5.3 Fourth-moment Approximate Utility Indifference Pricing 
Model 
Zariphoupoulous (2004) derived an analytical utility indifference pricing for- 
mula for options written on non-traded assets when the agent takes an ex- 
ponential utility function. This price can be decomposed to a sum of the 
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Black-Scholes model price and a premium for the unhedgeable risk accrued by 
incomplete market. We rigorously addressed it in Chapter 2. Here let us recall 
some achieved research results, which will be developed in this chapter. 
Summary 1. 
An agent who has an exponential utility function with a constant risk aversion 
C1, issues n units of contingent claims written on a non-traded asset asset 
Y. If she can find the sufficiently traded asset S, which is correlated with the 
non-traded asset in the market and when the contingent claim has the payoff 
function C() - (YT - K)+, the writer's indifference price is formulated as, 
n=1 Pt R 
InEQfexp[RnC(YT)]ý (369) 
00 Rk-I k py n EQ T)kj (370) k! 
k=l 
Rk-1 k 
T) 
k] n EQ[C(Y, (371) PBS + -n k! 
k=2 
where p' s is n units of the Black-Scholes Tnodel price; R- CI(p2 - B 1); and 
EQ (-) - EQ f (-) I Tt I Zs the conditional expectation with respect to an R6 process, 
d Yt 
Yt = 
(at - at 
)dt + btdWtQ (372) 
where WQ is a Brownian motion under the risk-neutral probability measure. t 
This risk-neutral density of the termMal price of the underlying asset Ma log- 
normal distrtbution as, 
[ln(LT-) - (at - Pý"b' - 
lbt2)T]2 
(YT) 
- expf 
Yt Olt 2 (373) 
YT bt vý-2- 7r T 2b 
2T 
t 
All notations are explamed in the introduction section of Chapter 2. 
In this chapter, we complement the above results obtained in Chapter 2 
by making use of several statistical series expansions, to provide a easily im- 
plementable fourth-moment approximation of utility indifference prices. The 
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coefficients of the series are expressed with the cumulants or moments. 
To extend the utility indifference price when the risk-neutral density is 
asymmetric and leptokurtic, we borrow the idea of the skewness and kurtosis 
adjusted Black-Scholes model. We follow Jarrow and Rudd (1982), Corrado 
and Su (1996 and 1997), Rubinstein (1998), derive the fourth-moment approx- 
imation of the utility indifference price by different statistical series expansion 
methods, which approximate to the functional form of the terminal risk-neutral 
density of the underlying asset price. 
5.3.1 The Jarrow and Rudd (1982) Model 
Jarrow and Rudd (1982) proposed a statistical series expansion method to 
Black-Scholes option price by using a lognormal Edgeworth series expansion. 
This approach takes the higher moments of the underlying asset's distribution 
(such as skewness and kurtosis) into account. It is specified to the problem of 
options risk-neutral valuation where the underlying asset's true distribution is 
not lognormal, but can be approximated by a lognormal approximating distri- 
bution. See Jarrow and Rudd (1982) for theoretical reference. Following this 
logic, we extend the utility indifference price when the risk-neutral probability 
density function can be written as, 
31(y 41(y ) 
(YT) =1 (YT) - 
k3 dT k4 dT+E (YT) (374) 
3! d YT3 4! 
where I(YT) is a known lognormal probability density function as an approx- 
imate distribution, followed by adjustment terms based on cumulants ki, J 
[3,4] and derivatives of the distribution of 1. Cumulants are defined as a form 
of ki = [ki (f )- ki (1) ]. The risk-neutral probability density function adopted 
by 
Jarrow and Rudd (1982) implies that f and 1 have the same mean ki(f) = ki(l) 
and variance k2(f) = k2(1), since the first cumulant is equal to its mean; the 
second cumulant is equal to its variance. 
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Thesis Result 15. Fourth-moment Approximate Utility Indifference Pricing 
Model (1) 
Under the choice of the lognormal as the approximate distribution of the under- 
lyMg asset termMal przce, the utility indifferent przee of n units of European 
call options wZth third- and fourth- cumulants as coefficients zs gzven by, 
n k3 dl (K) k4 
A (K) 
PJR p' +n z 1- 3! d YT 
+ 
4! d YT2 
(375) 
+Rn2 [ 
k3 
I(K) - 
k4 dl(K) 
(376) 
3! 4! d YT 
+R2n3[k3 N(K) + 
k4 
1 (K) ]+ý (YT) (377) 
3! 4! 
where pz' ts the Zariphoupoulou's utility indifference price. ý(YT) is a residual. 
1(-) Zs a known lognormal probability density function. N(. ) ts a complementary 
cumulative distribution function. dl(') is derivatives with respect to YT. ki, j d YT 
[3,4] its cumulants, and with ki = [ki(f) - ki(g)], kl(. ) = [Ll(. ); k2(*) = /12(*); 
k3(*) = 113(*); k4(*) = /14(*) - 
3P2 (. )2, where pi, i= [1,2,3,4] are the centered 
moments of order i. 
This formula is made up of four terms. When the market is incomplete, the 
pricing error due to the asymmetry and the peaked phenomenon of the original 
distribution function is corrected by the second, third and fourth terms in the 
formula. We note that the third and fourth terms are specific for the utility 
indifference price due to the premium paying for the basis risk. 
Proof. - 
Using a lognormal Edgeworth series expansion, the risk-neutral probability 
density function can be written as, 
31(y ) 41(y ) 
(YT) =1 (YT) - 
k3d T+ k4d T+E (YT) (378) 
3! dYT3 4! dYT4 
elt 
2r 
where 1(YT) is the lognormal probability density function with mean 
* 7-+ -21 bt 
148 
b2T 
_I 
2a. t* -r+b2T and variance (e t )e It. By substituting this formula into the utility 
indifference price yields the extended utility indifference price, 
00 31 (y 41 (y k3 d k4 d T) nn (YT - K) [l (YT) -T)+ ]dYT PJR 
IYT+ 
=K3! d YT3 4! d YT4 
31 (y 41 (y T 
T )2[1(y 
+"c, 
2 (y 
k3 dT 
+-RI n-K T) + 
k4 d 
]dYT 
Y iT , =K 3! 
-ýYT3 4! d YT4 
T) 
nK T) 
3 d31 (y 4d 23 (y k4 +RT )3[1(y 
k 1(YT) ]dYT + -y-3 -+ 
IYT+ 
ýK3T4d YT4 
In order to evaluate the extended utility indifference price formula, we 
need to calculate the following the intermediate integral, 
00 31 (y 41 (y k3 dT k4 d T) JY+r 
=K 
(YT - K) [- 3! d YT3 + 4! d YT4 
]dYT (379) 
= 
J+C)o 31 (y 41 (y 
12 (YT - 
K)2 
k3 dT+ k4 d T) ]dYT (380) 3 
y 4! dYT 3! d YT' 4 T=K 
31 (y 41 (y 
13 = 
J+"O (YT - 
K)3 
k3 dT+ k4 d T) JdYT (381) 4 
,y3! 1 VT=K 4! dYT 
Integrating by parts, we have, 
k3 
(YT - K) I 
+oc) + 
k3 dl(YT) 1+00 
y2 KTK TdT3! dy 
21 (y )1 
+00 
+ 
k4 
(YT - K) 1+00 
k4 dT 
y3 K2 IK 4! dT4! d YT 
k3 
lim (YT - K) + 
k3 
lim 
3! YT-+C)o d YT2 3! YT-+oo 
31 (y k4 dT k4 
+- lim (YT - K) - lim 4! YT, +Oo d YT3 4! YT-+oo 
21 (y ) k3 dl (YT) ýK+ 
k4 dTIK 
3! d YT 4! 
ýYT2 
dl(YT) k3 dl(YT) IK 
d YT 3! d YT 
d 21(y T 21(y 
+ 
k4 dT IK 
d YT2 4! d YT2 
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21(y 
T) 00 21 (y k3 (y 2 1+00 
k3 d T) d+ 12 
3! 
T K) dYT' K+3! 
JK 
2(YT- K) dYT2 dYT 
31 (y k T) 00 31 (y +4 (YT- K)2d 
k4 + 
2(YT- K) 
d T) 
dYT 
TT y3 
K- --ýYý3 4! d, 4! 
fK 
2k3 (YT- K) 1+00 - 
2k3 +)c) 
3! dYT K 3! 
1 (YT) IK 
21 (y 2k4 (YT d T) + 2k4dl(YT) + c)o 
yKy 4! K) WT+4! dTK 
2k3 
l(K) 2k4dl(YT 
3! 4! dYT 
21 (y 00 21 (y T) + k3 (YT - 
K)3d i+oo + 
k3 
3(YT - 
K)2d T) d YT 13 y2 K-2 
T 3! d, 3! 
IK 
d YT 
d 31 (yT) +oe 
k4 00 d31 (y 
+ 
k4 
(YT K) 3+ 3(YT K)2 Td YT -ä-y -3 ýK3 4! T 4! 
IK 
d YT 
3k3 (YT K) 2 
dl (YT) 3k3 +00 
2(YT K) 
dl(YT) 
d YT 
yK 3! dT3! 
IK 
d YT 
d21 (y ) 00 d21 (y 3k4 (y 2T l+DO + 
3k4 +T 
4! 
T- K) 
d YT2 -K4! 
IK 
2(YT - K) d YT2 
d YT 
6k3 (y 6k3 T- K)1(YT)1+"' + -N(K) 3! K 3! 
+ 
6k4 (YT - K) 
dl (YT) 6k4 
1 (YT) ý+ 110 
4! d YT K 41 K 
6k3 
N(K) + 
6k4 
l(K) 
31 4! 
To calculate 11,12,13, we have, 
11 
k3 dl (K) 
3! d YT 
1-2 =2[ 
k3 
l(K) - 3! 
13 = 6[ 
k3 
N(K) 
3! 
+ 
k4 d2l (K) 
(382) 
4! d YT2 
k4 dl (K) (383) 
4! dYT 
+ 
k4 
l(K)] (384) 
4! 
where N(-) is the complementary cumulative distribution function of 1(-). 
By the risk-neutral argument of the utility indifference pricing method, 
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we know that the non-traded state variable Y has to follow a modified dynam- 
ics under the risk-neutral probability measure Q, 
d Yt 
- (at - 
ppt bt )dt + btdWtQ Yt at 
(385) 
which means that the extra risk premium (at - Pý"b) is required due to the at 
unhedgeable risk. Based on this restriction, we have, 
(at - P[Lt't 
)T 
Yt e ort == EQ(YTIYt) (386) 
with the fourth-moment risk-neutral probability density function f (YT), we 
have, 
(at - 
pptbt ), T +cc YT f (YT) d YT (387) Yt e 
at 
J- 
000 
TýJ( T) 
k3 d T) k4 dT +C, o 31 (y 41 (y 
00 
Y Y, 
3! d YT3 4! d YT4 
JdYT (388) 
+"o 
YT 1 (YT) d YT - 
k3 
YT dYT (389) 
00 
3! d YT3 
-00 
+ 
k4 J+00 
JdYT (390) 
4! d YT4 
00 
YT 1 (YT) d YT (391) , )o 
(at - 
plitbt ), r Dividing Yte O't on both sides, we get the following expression, 
(at - ppt 
't +)o YT 
1 (YT) d YT (392) e- at Yt 
(at - Pý t 
6t a*T+btv"'-'O(z)dz (393) e- ot et 
I- (at - Pý't 
bI )-r+a*-r+-Ib 2TJ 
e0tt2t (394) 
where we change the variable to z == [ln(YTIYt) - a*-F]IbtVT-. It yields, t 
a* -r = (at - 
ppt bt 
-Ib2 
(395) 
t 0-t 2 
Substituting this expression, the approximate risk-neutral probability den- 
sity function 1(YT), its complementary cumulative distribution function 
N(YT), 
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its derivative with respect to YT are given by, 
y 2), r] 2 [In( ý-T-) - (at - P4'bl -A 1 (YT) = YTbt 27rT expf - 
Yt 
2b2T 
Ort 2t- (396) 
t 
N (K) = 
JK+ 
1 (YT) d YT (397) 
T 2)T I(y -) - (at - Pý'tbt -AT dl (YT) ln(! 
ý 
dYT +- 
Yt 
b2T 
at 2t (398) 
t YT 
12 (y 2)T dT In(LT-) - (at - P'bt - lb I dl (YT) I (YT) y at 
_2 
t [2 +t21 (399) d YT2 bt T YT d YT YT2 b 2, F t 
Now we have, 
nn 
k3 dl(K) k4 d'I(K) 
PJR PZA - n[- (400) 3! d YT 4! d YT2 
+Rn 2[k3 I(K) - 
k4 dl (K) 
(401) 
3! 4! d YT 
+R2n3[ 
k3 
N(K) + 
k4 
I (K)] + ý(YT) (402) 3! 4! 
where pn is the Zariphoupoulou's utility indifference price. ZA 
Thesis Result 16. 
The utility Mdifferent priczng formula of n units of European call options de- 
hved by the lognormal Edgeworth series expansion where skewness and kurtosis 
directly appear as parameters ts gZven by, 
n, pn 
f (403) PJR ýZ+ /\IQ3 + A2Q4 
where p' ts the Zar' houpoulou's utffity indifference pTtce, and zT 
b 2, r )3/2 (at - 
Plltbt )T]3 (e t 
Q'3 yt e O"t 3! 
(404) 
21(K) + R2n3N(K)] (405) x [n(bvv/7 + A) K bt V'T 
+ Rn 
b2, T _ 1)3 (at - P4tbt )r]4 
(e t 
[Yt at (406) Q4 4 
2,7 2 l(K) 
x [n(2bt + 3AbtvT +A K2b 2, T 
(407) 
t 
+Rn 2 (b t vl--F- + A) K bt v1'-F 
+R2n 31 (K)] (408) 
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where N(. ) ts the complementary cumulative distribution funchon of 1(. ). In 
addition, 
A, 
= _Y, (f )- _Y, (1) 
A2 = ýY2 (f )- 7Y2 (1) 
(409) 
(410) 
the Fisher parameter for skewness and excess kurtosts of a probability density 
functioný 
A3 0 
710 3/2 (411) 
/12 0 
72(') 
/14(*) 
_3 (412) 2(. ) [12 
where -yj (1) and -ý2 (1) are skewness and excess kurtosts of lognormal probab&ty 
density function; -yi(f) and %(f) generate the Zmphed volatility smZles. 
Proof. - 
We apply the Fisher parameters for skewness and kurtosis to the previ- 
ous proof, 
and 3 (413) 3/2 2(. ) 
P2 P2 
where are the centered moment of order i, I= [2,3,41. To simplifying the 
formula expression, we define a new variable, 
ln(! ý) - 
(at 
- 
P"b' 
-A 
2), r 
Yt ort 2t (414) 
bt 
, 
fT- 
153 
The extended utility indifference price pn is given by, JR 
nn 
-YI 
M- 
[Y 2. T 
,, 
(at - 
Pýýbt )7-]3(eb 
1)3/2 (btvlT- + A) I PJR pz +n3! ttt- Kbt VT 
ýY2(f) - 7Y2(1) [y 2 l(K) t. 
(at- Ptbt )-r]4 (, b 1)3 2, F A2 +n t (2 bt +3A bt -JT + 4 K2b 2, F t 
2ýyl(f) - (at-Pý'tbt)7-]3(, b2. T +Rn 
3! 
[Yt e ut -t_ 
1)3/21 (K) 
2 'Y2 
(f )-% (1) (at - p"t 
bt )T] 4 (, b2, r 
_ 1)3 
l(K) +Rn - [Yt e at t (bt, ý1-7- + A) 4! Kbt VýT 
2,3ýyl(f) - 'Yl(l) (at- Plltbt )T]3 (e b2T _ 1)3/2 +R tu, 3! 
[Yt e at t N(K) 
23% 
(f % (1) (at - 
2T plltbt )T]4 
(ebt 
_ 1)31 +R n 4! 
[Yt c O"t (K) +... 
where f is the true risk-neutral probability density function and 1 is a known 
lognormal approximate probability density function. The mean and variance 
are given by, 
ki (f ki (1) 
(at - 
= Yte 
pit tbt). T 
't (415) 
k2(f) k2(l) 
(at 
= [Yte- - 
pAtbt )T]2 b 2T 
O't (e t- 1) (416) 
5.3.2 The Corrado and Su (1996 and 1997) Model 
In contrast to Jarrow and Rudd (1982), Corrado and Su (1997) used a Gram- 
Charlier series expansion of the normal probability density function to model 
the distributions of the log-return of stock prices. Following this logic, we 
change the price of the non-traded underlying asset by defining a new variable, 
In(YT) -a 
** T 
Z Yt t (417) 
bt VýT 
where a** is an instantaneous arbitrary mean of the new variable. Its value t 
is given by the risk-neutral argument, which will be shown later. When the 
risk-neutral density function is a standard normal density function ýp(z), the 
type A Gram-Charlier series expansion is given by, 
(Z) 
k3(f) 
1-13 (P (Z) + H4 (Z) (P (Z) +E (Z) (418) 4! 
154 
where the cumulants kj (g) - kj (f ), j= [1,2] and kj = 0, j= [3,4], Hi (z) 
denotes the i-th Hermite polynomial 15 , 
Hi(z) = (-l)'ýo(z)-ld'ýo(z)ldz' . (419) 
Thesis Result 17. Fourth-moment Approximate Utility Indifference Pricing 
Model (11) 
Under the chotce of a standard normal as the apprommate distribution of the 
underlytng asset termMal prWe, the utility Zndifference przce of n units of Eu- 
ropean call options with third- and fourth- cumulants as coeffictents ts given 
by, 
n11223 
= pnz + nI, -Rn Rn (420) PCS Z+2+-3+ 
«Z) 
26 
where p" ts the Zar* houpoulou's utility zndifference price. ((z) is a residual zT 
term. The explicit expressZons of intermediate variables (I, ', 1ý, 13') are given in 
the proof section. If we eliminate the terms involving three and higher order 
powers of btVT, which are small for options of same maturities (Jurczenko, 
Maillet and Negrea (2002)), the formula can be rearranged to an equation such 
as, 
n2 
pS pn + [n (B + bt Vý, T) + Rn KbtV, 'TjKbtV'FTýo(B) Cz3! 
+ 4! 
[n(B 2+ bVITB - 1) + Rn 
2 KbtV1TBjKbtV1-r-ýo(B) 
where ýo(-) Zs a standard normal probability density function. ki (f), t= [3,4] 
are cumulants of the true risk-neutral probability density function, and B is 
Z Hi 
2 Z2 _1 
15By definition, we have: 
3z3- 3z 
4z4 -6 Z2 +3 
5z5_ 1OZ3 + 15z 
6z6- 15 Z4 + 45z 2_ 15 
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defined by, 
Proof. - 
ln(! ý) - (at - 00'bl - 
bt2 ), T 
B Yt O-t 2 
bt VT- (421) 
Substituting the Corrado and Su (1996) risk-neutral probability density 
function formula into the utility indifference price formula, 
nIf RnC(YT) i pt = -In EQ (422) R 
it yields the extended utility indifference price p' such as CS I 
- 00 
cs 
n In 
JB+ 
R 
I 
In 
+00 
R 
fB 
e 
Rn(YT-K) f (z) dz 
e 
Rn(YT-K) [l + 
k3(f) 
H )+ H4(z)]ýo(z)dz 
3! 3 
(Z, 
4! 
For an European call option case, the integral interval becomes, 
K< YT < +oo (423) 
ln(lý) - a**T Yt 
Ft-<z<+ C)c 
(424) 
bt VII-T 
Using Taylor series to extend the exponential function in the p's formula, we C 
have, 
n2 2(y )2 +13 3(y T PCs R 
In 
JB+ 
[1 + Rn(YT - K) +2Rn-K6RnT- 
K)3] 
H3 (z) + 
k4(f) 
H&fflýo(z)dz +--- 
3! 4! 
In order to calculate the extended utility indifference price formula p'CS, 
we need to calculate the intermediate integral, 
Il = 
+oo 
(YT - K)[ 
k3(f) 
H3 (z) + H4](p(z)dz (425) 
IB 
3! 4! 
1 
+oo 
(YT - K) 
2[ 
k3 (f) 
H3 (Z) + H4]ýo(z)dz (426) ,2 
IB 
3! 4! 
1 +oo (YT - K) 
3[ 
k3(f) 
H3 (z) + H4]ýo(z)dz (427) ,3 
IB 
3! 4! 
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Using the definition of Hermite polynomials and integrating by parts, it yields, 
k3(f) +00 
(YT- K)d[H2(z)ýo(z)) - 
k4 (f) f+ c'o (YT- K)d[H3 (z) ýo (z) -3! 
JB 
4! B 
k3(f) 
bt v1'-r- 
+00 
YTH2(z)ýo(z)dz + 
k4(f) 
bt VT 
DO 
YTH3(z)(p(z)dz 3! 
fB 
41 
fB+ 
k3(f) 2 2, 
V/T-)3y 
ýL: +a**T [Kýo(B E(btvT)H2-i(B) + (bt te 2t O(B - bt-v/-T)] 3! 
3 
+ [Kýp(B --)'H3 ly 
ll+at** 
te, 2 -i 
(B) + (bt 'rO(B - btv/T-) 4! 
(btv/7 
i=l 
I_ 
_k3(f) 
+ Oc 
(YT -K 
)2 d [H2 (z) ýo (z) 
k4 (f ) 00 
(YT - 
K)2 d [H3 (z) ýo (z) 12 
3! 
JB 
4! 
JB+ 
k3(f) OG k4(f) + 00 
=2 bt 
+ 
(YT - K) 
YT H2 (z) ýo (z) dz +2 bt vT 
IB 
(YT - K) 
YT H3 (z) ýo (z) dz 3 
JB 
4! 
22 T)3y2e2b 
2 -r+2a**-r 
NF ,tt O(B - 2bt,, 
/T) =23! (bt K ýo(B) +83! (bt t 
k3(f) 
3 
1ý1+a**-r 
T-) 
22 
-2 3! 
(bt K Yte 2t O(B - bt-\, fT) +24! (bt V/,, KB ýo (B) 
32 V-T)4y2e2b 
2 
-r+2a** TO(B - 2bt-\, /T) tt (bt t +6 4vTK ýo 
(B) + 16 4! 
(bt 
. VF) 
4 ýL+a**T 
- bt v/T-) -2 4! 
(bt T KYte 2t O(B 
k3(f) +00 
(YT - 
K)3 d[H2(z)W(z)] - 
k4 (f )+ 00 
(YT - 
K)3 d [H3 (z) W (z) 13 
3! 
IB 
4! 
JB 
+00 
)2y 
k4(f) + Oc 
)2y 3 
3! 
bt VIT 
fB 
(YT -K TH2(z)W(z)dz +34! bt vý- 
JB 
(YT -K TH3(z)W(z)dz 
k3 (f 
. 
2b2-r+3a** y2 2b2-r+2a t* -r O(B - 2btv/T) 'TO(B - 3btVT) - 24K tet 3! 
(btv/T)3[27yt3 
_2tt 
2y ýL+a**T (btV-)3 3 
1 +3K te 2t O(B - btvT)] +6 41 
TK O(B) 
3.2b2-r+3a; *-r 2.2b2-r+2a**-r 7 -)4 y -7-) ttt- 2bt-\/T) V- - 3bt, \/7 - 48KY4 O(B + 4! 
(bt T [81 't 
2tt O(B 
2 
! 
T+a**-r +3KYt e2t O(B - btvýT-)] 
where 0(-) is the complementary cumulative function of 
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Based on the restriction from the risk-neutral argument of the utility indif- 
ference pricing method, we require the following equation such as, 
(at - P"t 
6t ), Yt e ot = EQ (YT I Yt) (428) 
Substituting the Corrado and Su (1996) fourth-moment risk-neutral probability 
density function f (z), we have, 
cr t - 
(at - 
pptbt )T J- +o 
0,0 
ea t* 
* -r +bt /-T zf (z)dz 
+c - (at - pAt bt )T "0 e 0-t a; * -r +bt VTz 
- 00 
et [I + 3! 
H3 (z) + 4! 
H4 (z) ] ýo (z) dz 
pAt bt 
t 
bL 
-** 7-+ 
bL- 
+ 
k4(f) 
-)4 a**-r+L] e- 
(at - at 
)T a**7-+ 2 
k3 (f 
V/-)3eat 2t2 le +3 (bt T 
4! 
(bt v/7 e 
ppt bt 
2 
- (at -- a* 
ýL)T 
+ 
k3(f) 
e Ot t2- (bt VT )3 + (bt VT)4] 3! 4! 
Taking the logarithm and rearranging terms, it yields, 
ppt bt 
_ 
bt 
-F - ln[l + ýFr 
)3 + V, 
/--) 4 (429) a -F= (a. (bt (bt F 
Ut 2) 3! 4! 
In Jurcenko, Maillet and Negrea (2002), they suggest to delete terms 
involving three and higher order powers of btvfT, cause they are small for 
options of same maturities. Taking this logic, it leads to a simplified expression 
of the extended utility indifference price, 
nn2- 
k4(f) 2 
= pz+n Kýo(B))7(btVT)H2-j(B)+ -4, Kýo(B)E(btv1T)'H3-j(B)] PCs 3! 
i=l 
2 
k3 
+I Rn 
(L 
(bt V/, -r )2 2K 2 ýo(B) + (bt ý/-, 7-- 
)2 2K 2 Býp(B)] 
2 3! 4! 
2 n Pz + [n(B + btv/--r-) + Rn Kbtv1F]Kbtv1--Fýp(B) 3! 
22 + 4! 
[n(B + bvýrB - 1) + Rn KbtVTB]KbtvýTýo(B) 
where p' is the Zariphoupoulou's utility indifference price. z 
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5.3.3 The Rubinstein (1998) Model 
Instead of applying the type A Gram-Charlier series expansion to the log- 
return of stock prices, Rubinstein (1998) considered the normal Edgeworth 
series expansion, which is an improvement of the type A Gram-Charlier series 
using the central limit theorem and obtained a true asymptotic expansion. In 
this approach, the risk-neutral density function is given by, 
f (Z) = ýo (Z) +[ 
k3(f) 
H3 (Z) + H4 
3! 4! 
+10 61 
H6(z)]ýo(z) + E(Z) (430) 
where the cumulants ki, Hermite polynomial Hj(z), the standard normal den- 
sity function ýo(z) and the new variable z aredefined in the last section. 
Thesis Result 18. Fourth-moment Approximate Utility Indifference Pricing 
Mo de1 (111) 
Under the choice of a standard normal as the approximate distribution of the 
underlying asset terminal price, the utility indifference price of n units of Eu- 
ropean call options with third- and fourth- cumulants as coefficients is given 
by, 
n12"123"+r PZ + nIl + -Rn 12 + -R n 13 
(Z) (431) 
26 
where p'z ts the Zariphoupoulou's utility indifference price. r, (z) is a residual 
term. The explicit expresszons of tntermediate variables (11", 12, Iý ) are given 
in the proof sechon. If we eltmMate the terms involvMg three and htgher order 
powers of bN/T-, which are small for options of same maturittes (Jurczenko, 
Maillet and Negrea (2002)), the formula can be rearranged to an equatton such 
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as, 
n+ ý3 2 L-(f) [n(B + bj-r) + Rn Kbtj-r]Kbtv7-F(, o(B) (432) PR 1::::::::: PZ 3! 
22 + 
4! 
[n(B + bt-ý, 1, -TB - 1) + Rn Kbtv'-FB]Kbtvl--T-ýo(B) (433) 
+10 
6! 
[n(B4 + bt _v1, -T B3- 6B 
2- 3bt\7-TB + 3) (434) 
+Rn 2 Kbtv7-T(B 3- 3B)]Kbtv7T(p(B) (435) 
All the notations are same to the last Thesis Result. 
Proof 
Substituting the Rubinstein (1998) risk-neutral probability density func- 
tion into the utility indifference price formula, it yields an extended utility 
indifference price p' such as, R 
2 2(y 33 (y T )2 + PR =- In f [l + Rn(YT - K) + -R n-K -R nT_ K)3] R 
IB 
6 
><[l + 3! 
H3 (z) + 
4! 
H4(z) + 10 
6! 
H6(z)]lýo(z)dz +--- 
Following the same approach as addressed previously, we have, 
1 11 
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ýk3U) H3(Z) + 
1B3! 
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(y 
k3(f) 
T_ K)2[ H3 (Z) 
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3! 
+C)c 
)3[k3(f) H (Z) 1 (YT -K3 
13 
3! 
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k4(f) 
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4! 6! 
k4(f) 
H4(z) + 10 H6(z)]W(z)dz 4! 6! 
Using the definition of Hermite polynomials and an intergrating by part, it 
yields, 
1 11 =11 10 
(k3 (f»2 +()c, 
(YT - K) d [H5 (z) ýo (z) ] 61 
IB 
(k3 (f»2 
1+10 6! 
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i=l 
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Similarly, based on the restriction from the risk-neutral argument of the 
utility indifference pricing method, we substitute the Robinstein (1998) fourth- 
moment risk-neutral probability density function f (z) into the following equa- 
tion) 
(at - pAt 
6t ), 
Yt e crt = EQ(yTlyt) (436) 
Rearranging the equation, we have, 
pptbt 
et (z)dz e- 
(at- 
,t _r 
f- 
ooco 
a**, r+bt 
+c (at - plitbt )T 
0', 
a** -T + bt VT z 
k4(f) (k3 (f))2 
e 0-t 
f- 
et+3! H3 (z) + 4! 
H4(z) + 10 6! 
]ýp(z)dz 
- (at - 
pptbt 
-a**- 
L2 
)Týj 
+ at t2 )6] -e3! (bt V/T)3 
+ 
4! 
(btVT + 10 6! 
) (bt ýIT 
161 
Taking the logarithin on both sides, it yields, 
2 pptbt bt 
at T= (at - )-r at 2 
7--)3 + - ln[l + 3! 
(Bt vr 4! 
(Bt V/ 7 )4+ 10 
6 
(Bt ý, 
/ T)6] (437) 
Similarly, if we eliminate the terms involving three and higher order powers 
of bt V, T, the extended utility indifference price can be simplified to an equation, 
nn2 k4 
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where p' is the Zariphoupoulou's utility indifference price. z 
5.4 Numerical Tests 
In the following hypothetical numerical example, we assume a $3 per pound 
sugar #5 1-month call option. It is a European option to buy a sugar #5 
futures contract at the strike price $3 per pound, and the time to maturity is 
I month. The current price of the 1-month sugar #5 futures contract is $4 per 
pound. The current price of the 1-month sugar #11 futures contract is $0.11 
per pound. Their return correlation is 0.5. For other model inputs, see Table 
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17 for reference. This numerical example is used as an implementation of the 
pricing formulas of European-type optzon on low liquidity agriculture futures. 
Numerical Test Parameters 
Correlation P 0.5 
Time to maturity 1-month 
Instantaneous volatility of sugar #5 bt 0.4 
Instantaneous expected return of sugar #5 at 0.1 
Instantaneous price of sugar #5 Yt $4 per pound 
Strike price K $3 per pound 
Instantaneous volatility of sugar #11 At 0.2 
Instantaneous expected return of sugar #11 at 0.05 
Instantaneous price of sugar #11 St $0.11 per pound 
Risk aversion -Y -2 
Table 17: Numerical inputs of the fourth-moment utility indifference price test 
Firstly we compare several alternative distributions using the formula of 
Jarrow and Rudd (1982). The true risk-neutral probability density function is 
given by, 
3 41 (y k3 d 1(YT) 
+ 
k4 dT (438) (YT) ý1 (YT) - 3! d YT3 4! d YT4 
To fulfill the risk-neutral argument of the utility indifference pricing, the 
derivatives are given by, 
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+ (440) 
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21(y ) 3dT 
2 2 2 
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+ ý7 3 2 
dl (YT) 21(YT) 
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,Ty bT Y T t -r T bt dYT ,T YT b t 
By the cumulant definition, cumulants of Zariphoupoulou's utility indifference 
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price are given by, 
k3 (1) [Y 
P4tbt )T 2,7- 
t, 
(at 
t_ 1)2(ebt at ]3 (, b2-r (443) 
ký4 (1) (at - Pýýbt )T]4(, b2T 2, r [Yte Olt t- 1)2(e4bt e3b27- e2b27) +2 t+3t (444) 
In the hypothetical numerical example, the Zariphoupoulou's utility indiffer- 
ence price is pz z- 1.1913, with k3(1) = 0.0352)k4(l) - 0.2913. We then 
compare the Zariphoupoulou's utility indifference price in three different cases: 
(1) the true risk-neutral density is defined by, 
k3 (1) < k3 (f )=0- 51 k4 (f )= k4 (1) (445) 
which reflects the case when the true density left skews from the Zariphoupoulou's 
risk-neutral density; 
(2) the true risk-neutral density is defined by, 
k3 (1) > k3 (f )=0.21 k4 (f )= k4 (1) (446) 
which reflects the case when the true density right skews from the Zariphoupoulou's 
risk-neutral density; 
(3) the true risk-neutral density is defined by 
k3(f) - k3(l), k4(l) < k4(f) - 0.35 (447) 
which reflects the case when the true density is symmetric-kurtic from the Za- 
riphoupoulou's risk-neutral density. 
In Table 18, we list results of fourth-moment utility indifference price 
by Jarrow-Rudd (1982). We can see that the Jarrow-Rudd (1982) helps to 
approximate when the true risk-neutral distribution deviates from the Za- 
riphoupoulou's risk-neutral distribution. However, as other scholar have found, 
a negative probability value occurs when the degree of skewness or kurtosis of 
the true risk-neutral density lie outside of a certain intervals. 
Similarly, we compare several alternatives using formulas by both Corrado 
and Su model (1996) and Rubinstein model (1998) in Table 19. 
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Zariphoupoulou's utility indifference price 
I 
pz = 1.1913 
Týrue risk-neutral density Jarrow-Rudd model price 
(1): left skewed PJR = 1.2546 
(2): right skewed PJR = 1.1568 
(3): symmetric-kurtic PJR = 1.1937 
Table 18: Fourth-moment utility indifference prices by Jarrow-Rudd model (1982) 
Zariphoupoulou's utility indifference price pz = 1.1913 
True risk-neutral density Corrado-Su model price Rubinstein model price 
(1): left skewed k3 (f )=0.5, k4 (f 0 pCS = 1.1915 PR = 1.1927 
(2): right skewed k3 (f )=-0.5, k4 (f )=0 pcs = 1.1885 PR = 1.1897 
(3): symmetric-kurtic k3 (f )=0, k4 (f )=4 pcs = 1.1960 PR = 1.1972 
Table 19: Fourth-moment utility indifference prices by Corrado-Su model (1996) and 
Rubinstein model (1998) 
In our hypothetical example, the contract is in-the-money. Based on the re- 
sults in Table 18 and 19, we find that the contract is undervalued by the original 
utility indifference pricing method, when (1) the true risk-neutral density left 
skews from the Zariphoupoulou's risk-neutral density; (2) the true risk-neutral 
density is symmetric-kurtic from the Zariphoupoulou's risk-neutral density. 
The contract is overvalued by the original utility indifference pricing method 
when the true risk-neutral density right skews from the Zariphoupoulou's risk- 
neutral density. 
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5.5 Further Work 
Agricultural business firms have identified their exposures to agriculture com- 
modity price fluctuations and established internal hedging policies. They im- 
plement an options strategy that would provide protection and limit their ex- 
posure. 
Some firms aim to implement a hedging strategy at as close to zero cost 
as possible. A costless collar is one popular example of the zero cost strategy, 
which cuts option premium costs by selling other options. It helps to limit 
firm's exposure by building a package of options which satisfy their specific 
target. As an example, we consider one company who aims to use option strat- 
egy to limit its exposure within a ceiling and a floor. Then the company should 
enters into option transactions. Let the current market price of an agriculture 
asset be S, the company decides to buy a call option with strike price K2 on 
this agriculture asset. To cut the cost of such long call option position, the 
company could sell a put option with strike price K1. Such long call/short 
put yields a net portfolio with cost of zero. Figure 11 shows this strategy's 
payoff value and effective price after hedging. In this case, the company is fully 
hedged in a range between the cap K2 and the floor K1. 
Its key benefit is to limit the company's upside market risk. However, this 
strategy carries unlimited risk as the effective price after hedging is floored at 
K1. This is the main risk if the market falls substantially. 
To fix the above drawbacks, we create financial instruments known as 
barrier options. To the above specific example, a knock-out call barrier option 
can remove those unlimited risks carried by the company. This know-out call 
barrter option is a better hedging product because it is cheaper than the vanilla 
calls and puts and can be used to hedge specific cash flows. 
Barrier options are path-dependent exotic options traded over the counter 
166 
tions Payoff 
Long Vanilla Call 
Strike Price 2 
Strike Price ........... , --------------- Market Price 
Short Vanilla Put 
Sttike PTice 2 
Strike Price I 
Figure 11: Costless Collars - Option payoffs and hedging efficient price 
(OTC). The OTC instruments generally contain some unique characteristics. 
The OTC agricultural derivative traders generally hedge risk in the underlying 
futures market, which is used as a substitute for the spot market. To those 
low liquidity or entirely non-traded agriculture underlying assets, it seems that 
through cross hedging by a correlated asset is the only alternative. In the 
future, we will investigate the utility indifference price of European type barrier 
option with non-normal skewness and kurtosis in underlying asset return. 
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Strike Price I Strike Price 2 Market Price 
5.6 Conclusion 
Once agricultural business firms have identified their exposures to agriculture 
commodity price fluctuations and established internal hedging policies, hedging 
can be achieved by choosing the financial instruments. However the limited 
liquidity in most of agricultural markets is an obvious difficulty. In this chapter, 
we create a new product, a European type option on low liquidity agriculture 
futures and apply the utility indifference pricing method to price and hedge it. 
We use the sugar market as an example to explain how to include agricultural 
derivatives pricing and hedging into the non-traded asset model. We observe 
the historical sugar futures prices and find that its log-return is leptokurtic. 
This means we cannot use a geometric Brownian motion as the underlying asset 
process assumption. To avoid this bias, we apply a statistical series expansion 
technique to improve the utility difference pricing method. We obtain several 
formulas that can be easily implemented when other density distributions need 
to be considered into the pricing process. 
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CHAPTER6 
Conclusion 
In contrast to financial institutions, non-financial firms have a large proportion 
of non-financial assets in their balance sheets. Most of them are non-traded. 
In recent years, non-financial firms have dramatically increased their use of 
financial instruments to protect their revenue and control their risk. However 
the use of complicated financial instruments makes the firm more difficult to 
manage. This fact encourages the research, and we quickly realize that the 
widely accepted complete market model used in financial institutions needs to 
be extended to another important academic concept, the incomplete market 
model. Among several important incomplete market approaches, we find a de- 
sirable method, utility indifference pricing. As a primary incomplete market 
approach, utility indifference pricing has many attractive features. The most 
important features to our research are (1) utility indifference pricing includes 
both pricing and hedging strategy mechanisms. When risk cannot be fully 
hedged, risk management always needs to be considered. (2) an agent's risk 
appetite is incorporated as a pricing and hedging factor. It can explain the fact 
that when an agent becomes less tolerant of risk, she will be willing to charge 
more premium on the claims. It can also explain that an agent with a different 
risk aversion has a difference asset allocation decision. An agent with a higher 
risk aversion will invest less in a risky asset. 
In Chapter 4 and 5, we use one treasury risk management application and 
one agricultural derivatives application as examples to show how to transform 
the principle of utility indifference pricing method into sound and practical 
solutions of new financial economics problems. In Chapter 4, we assume trea- 
sury managers have a mean-variance preference and always aim to maximize 
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the free cash flow. They are keen to find an appropriate fixed-floating mixture 
decision for interest risk management purposes. We show how to include this 
strategic decision process into the non-traded asset model framework, when 
a firm's operational business revenue is correlated with the interest rate. We 
start our analysis with a simple static model using mean-variance theory and 
linear regression. We then extend it to a dynamic case and obtain both implicit 
and explicit formulas. By a numerical study of a hypothetical market condi- 
tion, we arrive at the useful recommendation that the mixture ratio is sensitive 
to some factors (for example Debt/EBITDA ratio, corporate tax rate, the cor- 
relation between the operational revenue and the interest rate) and insensitive 
to others (for example risk aversion coefficient, dividend payout rate). This 
means an optimal fixed-floating mixture balances the value of the tax shield 
benefit from debt against the increased risk of financial distress, bankruptcy 
and interest costs. Knowledge of the managers' risk appetite and the dividend 
payout rate play less important roles in this decision. In the future, we will 
extend our research to other related corporate finance topics, such as corporate 
securities valuation and capital structure decision based on the more realistic 
assumption: firms generate a non-tradeable productive cash flow. 
In Chapter 5, we address another important applied example, agricultural 
derivatives pricing and hedging. With the recent soaring agricultural com- 
modity prices, most agriculture firms seek to protect and limit their exposures 
to agriculture market risk by using financial instruments. However there are 
two obvious difficulties to pricing and hedging them. Firstly, the majority of 
the agricultural underlying assets are currently not very liquid or entirely non- 
traded. Secondly, there is a lack of the liquidity in the derivatives market, which 
means firms have difficulties in building the positions. We create a new finan- 
cial product in this chapter, a European type ophon on low hqutdity agrtculture 
futures. Generally, this is a European option written on an exotic underlying 
asset. We use the sugar market as an example to demonstrate hedging and 
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pricing an agricultural derivative using the non-traded asset model framework. 
We treat the low liquidity asset as the non-traded asset, and use the high liquid- 
ity asset to hedge the risk. Studying historical sugar futures prices from April 
1,1986 to April 2,2007, we find that the log-returns of sugar futures prices are 
leptokurtic. Therefore a derivative contract written on this underlying asset 
can not be modeled using a geometric Brownian motion assumption. We use 
a statistic series expansion technique, such as the Gram-Charlier series or the 
Edgeworth series, to obtain several fourth-moment approximate formulas to 
the utility indifference price. They extend and improve the pricing and hedg- 
ing performance by introducing supplementary parameters characterizing the 
skewness and the excess kurtosis of the underlying asset return density. These 
techniques can be easily implemented for other probability density functions 
that need to be considered in the pricing process. We also find that some 
agricultural business firms aim to implement a hedging strategy at as close to 
zero cost as possible. A costless collar is one popular example of the zero cost 
strategy, which cuts option premium costs by selling other options. However 
this strategy carries unlimited risk when the market price falls substantially. 
To fix this drawback, we will create a financial instrument known as barrZer 
ophon in the future. It is a better hedging product because it is cheaper than 
the vanilla calls and puts and can be used to hedge specific cash flows. We will 
investigate the utility indifference price of European type barrier option with 
non-normal skewness and kurtosis in the underlying asset return. 
In our two theoretical chapters, we study the analytical solution of util- 
ity indifference pricing in Chapter 2. We use the result as a benchmark for 
comparison with our numerical solution obtained in Chapter 3. In Chap- 
ter 2, we resolve the target stochastic control problem using dynamic pro- 
gramming. A non-linear highly dimensional partial differential equation 
(or 
Hamilton-Jacobi-Bellman (HJB) equation) arises. Following Zariphoupoulou's 
distortion technique, we transform it to a linear PDE, which can be analytically 
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resolved by the Feynman-Kac formula. In the process of implementation of Za- 
riphoupoulou's approach, we discover that only two classes of utility functions 
are resolvable analytically. They are the exponential class and the extended 
power class of utility functions. To combine different sorts of utility functions 
into one framework, numerical solution seems to be the only solution to the 
more general utility assumption. In Chapter 3, we build two new backward 
recursion algorithms, one linear one non-linear. We discretize a one-dimension 
linear controlled HJ13 equation in an explicit scheme. Based on Neumann 
boundary conditions, a sequence of linear equations are solved backwards on 
the scheme. Second order consistency is shown; a stable condition is given 
by the Von-Neumann stability analysis. We then discretize a two-dimension 
nonlinear controlled HJ13 equation in a Crank-Nicolson scheme. A sequence of 
non-linear discretized PDEs are resolved by a backward Newton iteration. A 
convergence proof is shown in a numerical example. We show that our numer- 
ical scheme setup is a powerful tool: besides the Von-Neumann- Morgenstern 
utility assumption, our algorithm has no further constraints on the utility func- 
tion. Our algorithm also exhibits a quick local convergence. It is observed that 
local convergence is achieved after no more than 3 Newton iterations. 
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Appendix 1 
Utility Function Definition 
A utility function represents the happiness level of an agent associated with her 
wealth. Within the economic literature, it is a custom to represent the agent's 
attitude towards risk. Utility theory is a tool to provide insight into decision- 
making in the face of uncertainty. Utility function is a concave function. It 
is defined by Von Neumann- Morgenstern assumptions (Bowers et al (1989)). 
Here we introduce this assumption and several popular utilities, which will be 
intensively mentioned in our thesis. 
Von Neumann-Morgenstern Assumptions: 
We define the function U(x) as the utility of an agent's wealth x at the terminal 
time T. U(x) satisfies the following assumptions: U: R --ý R is (1) increasing 
on R, (2) continuous on fU> -ool, (3) differentiable and strictly concave on 
the interior of fU> -oc 1, (4) the marginal utility tends to zero as wealth 
tends to infinity, i. e., 
U'(00) = lim U' (x) =0 (448) 
x ---+ 00 
As x tends to infinity, it is required the marginal utility decreasing to zero. 
This assumption makes good sense economically. As regards the behaviour of 
the marginal utility at the other end of the wealth scale we shall distinguish 
two cases, one negative wealth not allowed and one negative wealth allowed. 
Taking a natural economic considerations, it requires that the marginal utility 
tends to infinity when the wealth x tends to the infimum of its allowed values. 
Definition 5. Negative wealth not allowed uhlity 
We assume U satZsfies conditions U(x) - -oo, for x<0, while U(x) 
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-Cc, for. r > 0, and conditions, 
U'(O) = lim U'(X) = oc (449) 
x-+O 
A typical example are logarithmic utility U(x) = In(x), x>0 or power util- 
, ty U(X) 
_ 
X1-R 
wtth R>0, R: ý 1, X>0. 1-R 
Definition 6. Negative wealth allowed utility 
We assume that U(x) > -oo, for all xGR, and that 
00) = lim U' (X)= C)c (450) 
x ---+ - OC) 
A typtcal example is exponential utility U(x) = -c-'Yx with -y > 0, x C- R. 
Now we define the most widely used utility functions: power utility (constant 
relative risk aversion) and exponential utility (constant absolute risk aversion) - 
Definition 7. Power utildy function 
Power utility ts also called a constant relative risk aversion utility. It is a 
function with a constant response to relative change in wealth such as, 
U(xj) X1 (451) =f (-) U(X2) X2 
Power utffity function is defined as, 
x 1-R (452) 
1-R 
It has a constant Arrow-Pratt relative risk averston coefficient, 
xull (x)] 
= _, 
-Rx -R-1 xR (453) -u, -(x) X-R 
The power utfflty expresston is not well defined when R=1, but it can 
be shown 
that, 
x I-R -1- In x lim --I --R R- ýl 
(454) 
We can see that the logarithmic uttlity is a particular power utffity when 
Arrow- 
Pratt relahve rtsk averston equal to 1. 
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Definition 8. Exponenttal utffity function 
Exponenhal utility is also called a constant absolute risk aversion utility. It ts 
a function with constant response to absolute change M wealth such as, 
U(xl) 
f (Xl 
- X2) (455) U(X2) 
Exponenhal utffity funchon is defined as, 
U(x) -- -e--Ix with -y > 01 (456) 
It has a constant Arrow-Pratt absolute risk averston coeffictent, 
Ra (X) 
Uli X 
--yx 
(457) 
U'(x) e 
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Appendix 2 
Minimal Relative Entropy and Utility Indifference Pricing 
Scholars bridge the minimizing relative entropy approach with utility indiffer- 
ence pricing approach by duality technique, see Karatzas (1991) for surveys. 
Here we will show that minimal relative entropy is utility indifference pricing's 
dual problem, when an agent has an exponential utility. 
An agent targets to maximize the expected utility of her terminal wealth, 
sup Ep[U(XT)], subject to EQ(XT) <, X 
XER 
(458) 
where the constraint condition is a weaken condition of the martingale. From 
a mathematics prospective, the problem of maximizing a function with a con- 
straint function can be solved by Lagrange multiplier method, 
L(X, Ä) = Ep[U(XT)] -, \[EQ(XT) - (459) 
where L: RxR -+ R is Lagrange dual function; A>0 is Lagrange multiplier; Q 
is risk-neural probability measure with QE A4 ( A4 is a set of martingale prob- 
ability be equivalent to real probability P). Substituting a Radon-Nykodym 
derivative ! Q-- into Lagrange dual function, we have, dP 
L (A, Q) = inf Ep 
[U (XT) 
-A 
dq XT + Ail (460) 
XER dP 
As we know, if conjugate of function U is known, we can simplify derivation 
of dual problem. Here Legendre-Frenchel transform can be used to find the 
conjugate of utility function. 
Definition 9. Conjugate Function 
For any f: Rn --+ R, the conjugate dual f*: Rn ---> 
R Ut+c)c)l is given by, 
sup ty 
Tx-f (x)1 (461) 
xeRn 
Given a convex optimization problem Zn standard form: 
MinZmZZe f (x) 
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subject to Ax < b, Cx =d 
dual function 
inf tf (x) + (A T, \ + CTV)TX - bTA - dTVý (462) xeRn 
-f*(-, 4TA-CTV)-bTA - dTV (463) 
Definition 10. Legendre-Fenchel Transform 
By Legendre-Frenchel transform, the function (J :R -* R, conjugate to the 
function U, satisfies U(y) =sup,, (U(x)-xy) wzthx > 0, and CT sfin, tely val- 
ued, differentzable, strictly convex on [0, oo] and satZsfies, 0'(0) := hmx, O 
CT(x) = 
-00. 
For an exponential utility U(x) = -e--ýx, where -y >0 is a risk aversion 
coefficient, its conjugate function is given by, 
y In yy 
ýy ýy ly 
(464) 
The dual of maximal expected utility problem becomes infimum in feasible set 
of A, 
L (A, Q) = inf Epf A 
dQ 1 
In Ä 
dQ 1_ ÄLQ 
1+ 
Ax 1, (465) 
A, >-0, Qem dP -y dP -y dP -y 
inft, \[-1H(QIP)+x]l (466) 
, \, Q -y 
where the relative entropy is defined by, 
H(QIP) - E[ 
dQ 
In( 
dQ (467) 
dP dP 
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Appendix 3 
EBITDA Evolution Database 
EBITDA evolution real data test: the sample database include 28 listed lead- 
ing companies from different industries in US stock market. The historical 
EBITDA of companies are collected from Bloomberg database. The data spans 
year between 1990 and 2007,17 years of quarterly consolidated data in US Dol- 
lars - 
NO. CODE COMPANY NAME INDUSTRY 
1 MMM 3M Co. Diversified Manufact Op 
2 AA Alcoa Inc. Metal-Aluminum 
3 MO Altria Group, Inc. Tobacco 
4 AXP American Express Company Financ-Credit Card 
5 T AT&T Inc. Telephone-Integrated 
6 BA Boeing Company Aerospace/ Defense 
7 CAT Caterpillar Inc. Machinery-Constr&Mining 
8 C Citigroup Inc. Finance-Invest Bnkr/Brkr 
9 KO Coca-Cola Company Bever ages-Non- alcoholic 
10 DIS Walt Disney Company Multimedia 
Table 20: Sample Database I 
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11 DD E-1-du Pont de Nemours Company C hemicals- Diversifies 
12 XOM Exxon Mobil Corporation Oil Comp-Integrated 
13 GE General Electric Company Diversified Manufact Op 
14 GM General Motors Corporation Auto-Cars/Light Trucks 
15 HPQ Hewlett-Packard Company Computers 
16 HD Home Depot, Inc. Retail-Building Products 
17 HON Honeywell International Inc. Diversified Manufact Op 
18 IBM International Business Machines Corporation Computers 
19 INTC Intel Corporation Electronic Compo-Semicon 
20 JNJ JohnsonkJohnson Medical Products 
21 MCD McDonald's Corporation Ret ail- Rest aur ants 
22 MRK Merck&Co. Inc. Medical-Drugs 
23 ! \ISFT Miscrosoft Corporation Applications Software 
24 PFE Pfizer Inc. Medical-Drugs 
25 PG Procter&Gamble Company C osmet icsk Toiletries 
26 UTX United Technologies Corporation Aerospace/ Defense- Equip 
27 VZ Verizon Communications Inc. Telephone-Integrated 
28 WMT Wal-Mart Stores, Inc. Retail-Discount 
Table 21: Sample Database 11 
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Appendix 4 
Evolution of the quarterly growth rate patterns 
for 28 Dow John's companies 
(1990-2007) 
Empirical Results: 
For 39% of 28 Dow John's listed company samples, their quarterly mean growth 
rate of earning peaks during the first quarter, 21% peaks during the second 
quarter, 14% peaks during the third quarter and 25% peaks during the last 
quarter. 
Empirical Target: 
We use real data to explain model setup. 
Statistics Results: 
Quarter Month Nos % 
1st Quarter 12-3 11 39% 
2nd Quarter 3-6 6 21% 
3rd Quarter 6-9 4 14% 
4th Quarter 9-12 7 25% 
Total 28 
Statistics Details: 
I't Quarter: 
Quarter MMM AA AXP DD JNJ GM 
lst 17-03%* 20.70%* 26.78%* 116.01%* 58.94%* 6.20%* 
2nd -0.48% 3.74% 11-96% -0.14% -2.45% 
0.67% 
3rd 4.09% -2.82% -11.55% -28.41% -4,09% -98.91% 
4th -11.34% -8.66% -14.54% -18.26% -21.30% -5.38% 
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Quarter PFE c HON vz WMT 
lst 33.59%* 12.12%* 6.37%* 16.66%* 54.30%* 
2nd -16.07% 2.83% 1.40% 3.06% -28-28% 
3rd 20.57% 0.59% -56.79% 5.55% 14.35% 
4th -4.75% -0.72% -10.88% -7.96% -3.71% 
2ndQuarter: 
Quarter 1\10 GE MCD MRK UTX KO 
Ist 9.70% -2.65% 3.24% 2.50% -0-82% 14-25% 
2nd 9.95%* 9.51 % 13.44%* 4.60%* 24-26%* 29-36%* 
3rd -0-15% 1,37% 7.15% -3-63% 0.43% -14.29% 
4th -11-64% 7.14% -12.57% 2.37% -15.32% -9.68% 
3rd Quarter: 
Quarter T BA PG HD 
Ist 15.96% 6.68% -10.67% -1.01% 
2nd -5.62% 9.45% -18.62% 12.08% 
3rd 26-09%* 17.92 61.62%* 30.33%* 
4th 3.78% 1.30% 1.09% -15.57% 
4th Quarter: 
Quarter INTC DIS XOM MSFT HPQ CAT IBM 
lst 2.15% -8.13% 1.05% 7.89% 16.21% -8.55% -28.54% 
2nd -2.64% 16.29% 4.37% 
8.81% -1.60% -35.57% 8.85% 
3rd 10.32% -7.51% -0-72% 8.96% -12.77% -8-01% -12.28% 
4th 17.78%* 18.29%* 14.70%* 10.52%* 18.59%* 1.72%* 48.15%* 
Mathematical Formulation: 
=TNJ Quarterly mean is defined by, IE(xlst) _i. x"' 
IN. Time series x"t is log difference 
of EBITDA in the first quarter since year 1990-2007. Sample size 
is N. 
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